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Key Points:
Simultaneous observations of toroidal Alfvén and electromagnetic ion cyclotron waves determine distributions of the field line mass
density.

●

The heating of cold ions by EMIC waves can lead to the formation of the equatorial mass density peak.●

The paper provides an evidence that equatorial mass density peaks are formed due to equatorial ion concentrations triggered by
EMIC waves.
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Abstract: We report a simultaneous observation of two band electromagnetic ion cyclotron (EMIC) waves and toroidal Alfvén waves by
the Van Allen Probe mission. Through wave frequency analyses, the mass density ρ is found to be locally peaked at the magnetic equator.
Perpendicular fluxes of ions (< 100 eV) increase simultaneously with the appearances of EMIC waves, indicating a heating of these ions by
EMIC waves. In addition, the measured ion distributions also support the equatorial peak formation, which accords with the result of the
frequency analyses. The formation of local mass density peaks at the equator should be due to enhancements of equatorial ion
concentrations, which are triggered by EMIC waves’ perpendicular heating on low energy ions.
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1.  Introduction
Mass density  controls  the  time  rate  of  the  change  of  magneto-

hydrodynamic  (MHD)  processes  and  is  important  for  the  space

weather. It plays a pivotal role in the dynamic evolution of heavy

ion composition in the magnetosphere, which can significantly al-

ter  the  properties  of  plasma  waves  (Rauch  and  Roux,  1982;

Meredith et al., 2003; Shi QQ et al., 2013; Min et al., 2015; Zong Q-

G et al., 2017, Huang et al., 2020). The magnetospheric mass dens-

ity is dependent on the number density and the ion components.

However, it  is  difficult  to  directly  measure  ion  components  be-

cause the dominant populations contributing to the mass density

often have  low  temperature,  and  the  spacecraft’s  potential  pre-

vents  the  low-energy  ions  from  reaching  onboard  detectors

(Denton, 2006; André and Cully,  2012).  In order to determine the

ion components and the mass density, many researchers resort to

characteristic  frequencies  of  plasma  waves,  e.g.  electromagnetic

ion cyclotron waves (Min et al., 2015; Kim et al., 2015) and toroidal

Alfvén waves (Singer et al., 1981; Schulz, 1996; Denton et al., 2004,

2006, 2015; Denton, 2006; Takahashi et al.,  2006, 2011; Takahashi

and Denton, 2007; Min et al., 2013; Nosé et al., 2015).

Variations of mass density ρ along the magnetic field lines are of-

ten modeled by a power law function:

ρ = ρeq (LRER )α , (1)

where ρeq denotes  the  mass  density  at  the  magnetic  equator, α
decides the trend of ρ along the field line, and RE, R, and L denote

the  Earth  radius,  the  geocentric  radius,  and  the L shell  value  (in

units of RE), respectively. For a positive (negative) α, ρ will increase

(decrease) toward higher latitudes,  while for α = 0, ρ will be con-

stant along the field line.

Previous  researches  have  found α =  3  in  the  plasmasphere  for  a

diffusive  equilibrium  model  (Angerami  and  Thomas,  1964)  and

α = 4 in the plasmatrough for a collisionless model (Eviatar et al.,

1964). Nosé et al. (2015) chose α = 0.5 to study the formation pro-

cess of an oxygen torus in the inner magnetosphere at L = 3.0–4.0

and L = 3.7–4.5. Denton et  al.  (2006) found α = 2 appropriate for

L = 4–5 and α = 1 appropriate for L = 5–6 through studying the av-

erage values of toroidal Alfvén frequencies. Min et al. (2013) chose

α =  1  to  derive  the  global  equatorial  mass  density  distribution

covering radial distances from 4 to 9RE.

Nevertheless,  observations  also  indicate  the  existence  of α <  0,

which means a local peak of ρ at the magnetic equator. Takahashi

and Denton (2007) found that there was evidence for α < 0 in the

afternoon  magnetic  local  time  (MLT)  sector  through  statistically
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studying the toroidal Alfvén frequencies measured by the Geosta-

tionary Operational Environmental Satellites (GOES) at geostation-

ary  orbit. Denton  et  al.  (2004) also  found  a  negative α for  the

power  law  mass  density  model  through  investigating  toroidal

Alfvén waves observed at MLT ~ 16.6 hr and R ~ 6.4RE.

One  possible  reason  for  the  peak  of ρeq is  that  the  centrifugal

force acts  more effectively  on the heavier  ions  and preferentially

traps them at the magnetic equator (Lemaire and Gringauz, 1998;

Denton  et  al.,  2006). Denton  et  al.  (2015) demonstrated  that  the

more negative α at dusk potentially arises from the greater contri-

bution of trapped ring current particles (with tens of keV temper-

ature), especially O+,  that drift westward from the magnetotail. In

addition,  perpendicular  heating  of  cold  ions  by  ion  cyclotron

waves may contribute to the formation of the local ρeq peak (Taka-

hashi and Denton, 2007). However, direct observational evidence

has  not  corroborated  the  formation  of  equatorial  mass  density

peaks  from  perpendicular  heating  of  cold  ions  by  ion  cyclotron

waves.

In  this  paper,  we  present  a  typical  case  where  toroidal  Alfvén

waves  and  two  band  EMIC  waves  are  simultaneously  observed.

Wave frequency analyses illustrate that mass densities are locally

enhanced  at  the  equator.  Through  investigating  measured  ion

fluxes, the formation of the mass density peak is shown to be pro-

moted by the equatorial trapped ions, which are heated by EMIC

waves.

2.  Methods

2.1  Mass Density Derived from Toroidal Alfvén Waves
For  the  toroidal  Alfvén  mode  waves  in  an  arbitrary  field  model,

the wave equation derived by Singer et al. (1981) is:

∂2

∂s2
( ξ
h
) + ∂

∂s
ln (h2B0) ∂

∂s
( ξ
h
) + ω2

V2
A

( ξ
h
) = 0, (2)

where ξ is the field displacement in the azimuthal direction, and h
is  the  scale  factor  for  the  normal  separation  between  the  field

lines in the direction of oscillation which equals to Lcos3λ in the di-

pole field, where λ is the magnetic latitude. s is the distance along

the field line with two ends fixed at ionosphere altitude (100 km in

this work), ω is the frequency of toroidal mode waves, B0 is the un-

perturbed  magnetic  field,  and VA is  the  Alfvén  velocity  equal  to

B0(μ0ρ)-1/2,  where μ0 is the free  space permeability.  With  a  shoot-

ing method (Press et al.,  1997), Equation (2) is numerically solved

for the mass density using a fourth-order Runge-Kutta algorithm.

2.2  Mass Density Derived from Cutoff Frequencies
The dispersion relationship for  a  parallel  propagating EMIC wave

(L mode) in a multi-ion species cold plasma (H+, He+, O+) is (Sum-

mers and Thorne, 2003):

n2 = 1 −
ω2
pe

ω (ω + ∣Ωe∣) − 3

∑
j=1

ω2
pj

ω (ω − Ωj) , (3)

where n is the index of refraction, ω is the wave frequency, ωpe is

the electron plasma frequency, Ωe is  the electron gyrofrequency,

ωpj is  the ion plasma frequency, Ωj is  the ion gyrofrequency,  and

the suffix j denotes  ion  species  (H+,  He+,  O+).  After  some algebra

and approximations, the cutoff frequencies, where n2 = 0, as func-

tions of ion concentrations (ηj) are as follows (Min et al., 2015):

ωH+ ,co =
ΩH+

32
(5 + 12ηHe+ + 15ηO+ + FF), (4)

ωHe+ ,co =
ΩH+

32
(5 + 12ηHe+ + 15ηO+ − FF), (5)

FF = 3
√

16η2
He+ + (1 − 5ηO+ )2 + 8ηHe+ (1 + 5ηO+ ), (6)

ne = ni (ηH+ + ηHe+ + ηO+ ), (7)

where ηH+, ηHe+, and ηO+ are the concentrations of H+, He+, and O+,

respectively. ωH+,co denotes  the  H  band  cutoff  frequency,  while

ωHe+,co denotes the He band cutoff frequency. ΩH+ is  the H+ gyro-

frequency.  Equation  (7)  maintains  the  electrical  neutrality  (elec-

tron  number  density ne equals  ion  number  density ni).  The  ion

concentrations  can  easily  be  obtained  by  solving  the  Equations

(4), (5), and (7). Then the local mass density ρ0 is:

ρ0 = ni (ηH+ + 4ηHe+ + 16ηO+ ) . (8)

The equatorial mass density ρeq is obtained by bringing back ρ0 to

Equation (1).

3.  Observations and Analyses
Toroidal Alfvén  waves  and  EMIC  waves  were  simultaneously  ob-

served  by  the  Van  Allen  Probe-B  between  05:30:00  UT  and

08:30:00 UT  on  Aug.  29,  2017.  The  observations  consist  of  com-

bined data from Electric and Magnetic Field Instrument Suite and

Integrated  Science  (EMFISIS)  (Kletzing  et  al.,  2013),  Electric  Field

and Waves Suite (EFW) (Wygant et al., 2013), and Helium, Oxygen,

Proton,  and  Electron  (HOPE)  mass  spectrometer  (Funsten  et  al.,

2013) instruments on board the Van Allen Probe-B.

3.1  Two Band EMIC Waves
The  electron  number  density  (ne),  EMIC  wave  power  spectral

density  (PSD),  ellipticity  (ε),  and  wave  normal  angle  (θ) are  dis-

played in Figures 1a−1d, respectively. The PSD is obtained by ap-

plying Fast  Fourier  Transform (FFT)  to  the  64  Hz  resolution mag-

netic fields  with  a  128  s  sliding  window  and  a  43  s  moving  for-

ward step. The two black solid curves in Figures 1b−1d denote the

local  He+ (ΩHe+,  upper)  and  O+ (ΩO+, lower)  gyrofrequencies,  re-

spectively. The waves are observed in post-noon sector (MLT from

~12 hr to ~14 hr) near the magnetic equator (MLAT from −12° to

−6°)  with L value  from  ~5.6RE to  ~5.8RE. Figures  1c and 1d show

that the  EMIC  waves  have  mixed  left-hand  and  linear  polariza-

tions with small normal angles. In order to determine the ion com-

ponents accurately, we choose data from 07:45:41 UT to 07:50:41

UT corresponding to the time interval (300 s) between two vertic-

al  dashed  lines  in Figures  1b−1d to  perform  FFT.  The  time-aver-

aged PSD is used for cutoff frequency determination (results with

input spectra from different times are also checked; the resultant

average ion mass has a minor change). The corresponding PSD is

displayed  in Figure  1e.  The  cutoff  frequencies  are  determined

through  the  following:  (1)  PSD(f+df)–PSD(f)  >  0.5×10−3 nT2/Hz.

(2)  PSD(f+2×df)–PSD(f)  >  1×10−3 nT2/Hz.  (3)  PSD(f)–PSD(f–df)  <

0.5×10−3 nT2/Hz.  (4)  PSD(f)–PSD(f–2×df)  <  1×10−3 nT2/Hz,  (5)

PSD(f)  <  5×10−3 nT2/Hz,  where PSD(f)  is  the wave power  spectral

density  at  frequency f,  and  df is  the  frequency  resolution.  Then,
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the manually selected cutoff frequencies are ωHe ~ 0.1103ΩH+ and

ωH ~0.2564ΩH+ (denoted by two vertical dashed lines in Figure 1e),

corresponding to ηH+ = 94.09%, ηHe+ = 0.64%, and ηO+ = 5.27% de-

rived by Equations (4), (5), and (7). The local mass density ρ0 is es-

timated  as  ~116.4  amu/cm3 with  electron  number  density ne

~64.3 cm−3. Hence the equatorial mass density is ρeq = ρ0(R/LRE)α,

and parameter α is left to be determined by toroidal Alfvén waves.

3.2  Magnetoseismic Analyses
We smooth the 1 Hz resolution magnetic fields with a 90 s sliding

window to obtain the background magnetic fields. Then we sub-

tract the background from the magnetic fields to get the magnet-

ic  fluctuations.  The  magnetic  fluctuations  in  GSE  coordinates  are

transformed  to  magnetic  field  aligned  (MFA)  coordinate  system

with azimuthal component Bϕ, radial component Br and compres-

sional component Bz. Only the electric field components Ey and Ez

in the MGSE coordinates obtained from the EFW are used here be-

cause  the  component Ex along  the  spin  axis  is  less  accurate.  We

obtain  the  three  dimensional  electric  field  (Eϕ, Er,  and Ez)  in  MFA

coordinate system under the assumption of E·B = 0.  This method

works well because the angle between the magnetic field line and

the spacecraft spin plane is larger than 15° in this case. The PSD of

ULF  wave  is  obtained  by  applying  a  30  min  FFT  sliding  window

and  a  5  min  moving  forward  step  to  fields  in  MFA  coordinates.
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Figure 1.   H+ band and He+ band EMIC waves observed by the Van Allen Probe-B on Aug. 29, 2017. (a) Electron density. (b) Wave power spectra.

(c) Ellipticity ε. (d) Wave normal angle θ. (e) Averaged wave power spectrum from 07:45:41 UT to 07:50:41 UT (interval between two vertical

dashed lines in (a)–(d)). The two black solid curves in (b)–(d) denote the He+ (upper) and O+ (lower) gyrofrequency (ΩHe+ and ΩO+), respectively. In

panel (e) the vertical dashed lines denote the estimated cutoff frequencies (ωH and ωHe).
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Figures 2a–2c show the PSD of Bϕ, Br,  and Eϕ from 05:00:00 UT to
10:00:00  UT,  respectively.  In  order  to  determine  the  harmonic
number, we separately select the fields in MFA coordinate system
from  07:00:00  UT  to  07:30:00  UT  (two  black  dashed  lines  in
Figures  2b and 2c)  to  check  the  coherence and phase  difference
(ΔΦ)  with  a  600  s  sliding  window  and  400  s  overlap,  which  are
shown in Figures 2d and 2e, respectively. We choose this time in-
terval  because  there  are  simultaneously  enhanced  PSD  in  (a)–(c)
at ~10 mHz. Two vertical black dashed lines in Figures 2d and 2e
denote the large coherence (> 0.8) between Eϕ & Br and Er & Bϕ at
~10  mHz.  The  corresponding  phase  difference  shows  ~  −90°

for Eϕ−Br (poloidal  mode)  and ~90° for Er−Bϕ (toroidal mode).  Be-
cause the phase of Eϕ (Er) lags (leads) Br (Bϕ) by 90° for the poloidal
(toroidal)  mode  even  harmonic  for  the  measurements  made
slightly south of the magnetic equator (Takahashi et al., 2011), the
harmonic at ~10 mHz is an even mode. In addition, for the power
law density  model,  the spacing between the successive harmon-
ics, fn+1–fn,  is  approximately  identical  (Schulz,  1996; Takahashi
and  Denton,  2007),  and  one  more  visible  harmonic  exists  below
this  even  mode  (see Figure  2a,  05:00  UT  to  06:30  UT,  ~6  mHz).
Hence,  the  emission  at  ~10  mHz  is  considered  to  be  the  second
harmonic.

5

0

20

40 (a)

-1

0

1

0

20

40 (b)

-1

0

1

05:00 06:00 07:00 08:00 09:00 10:00

0

20

40

f 
(m

H
z)

(c)

-3

-2

-1

0

1

0.0

0.5

1.0

C
o

h
e

re
n

ce

07:00:00—07:30:00 UT

(d)
0.8

-180

-90

0

90

180

Δ
Φ

 (
°)

(e)

0 10 15 20 25 30 35 40 45 50
f (mHz)

10-1

100

101

B
ϕ 

(n
T

2
/H

z)

07:33:11—08:03:11 UT

(f ) f2 f3 FF T

MEM

f 
(m

H
z)

f 
(m

H
z)

B
ϕ 

(l
o

g
1

0
(n

T
2
/H

z)
)

B
r (

lo
g

1
0
(n

T
2
/H

z)
)

E
ϕ 

(l
o

g
1

0
((

m
V

/m
)2

/H
z)

)

Eϕ & Br 

Er & Bϕ 

Eϕ - Br 

Er - Bϕ 

 
Figure 2.   Wave power spectra of (a) Bϕ, (b) Br, and (c) Eϕ. (d) Coherence of Eϕ & Br (red line) and Er & Bϕ (blue line). (e) Phase difference between Eϕ
& Br (red dots) and Er & Bϕ (blue dots). Coherence and phase difference are derived from fields between 07:00:00 UT and 07:30:00 UT (two black

dashed lines in (b) and (c)). (f) Wave power spectrum for fields between 07:33:11 UT and 08:03:11 UT (30 min, between two red dashed lines in (a))

estimated by FFT (black curve) and MEM (red curve).
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We apply FFT to the fields between 07:33:11 UT and 08:03:11 UT
(30 min, denoted by two red vertical dashed lines in Figure 2a, the
same central time as Figure 1e) when EMIC waves coexisted to de-
termine harmonic frequencies, which is denoted by the black line
in Figure 2f. The red solid curve is the estimated PSD using a max-
imum  entropy  method  (MEM)  similar  to Takahashi  and  Denton
(2007).  We  adjust  the  order  of  MEM  approximation  to  find  the
best  representative  spectral  peaks  of f2 and f3.  The  harmonic
f2 ~9.44 mHz and f3 ~16.67 mHz are selected for magnetoseismic
analyses due to their stronger power and distinct harmonic struc-
ture.

A dipole magnetic field model is adopted because, during the in-
terval,  there  is  small  difference of  the  field  line  calculated by  the
dipole model and the TS05 model (Tsyganenko and Sitnov, 2005),
and the magnetic field derived from the dipole model (~170 nT) is
close to the observation (~172 nT). Assuming the field line is fixed
at an altitude of 100 km, we numerically solve Equation (2) for the-
oretical  harmonic frequencies with ρeq determined in Section 3.1
through  altering α from  −6  to  6.  The  best  parameter αbest is de-
termined from the best fit between theoretical and observed fre-
quencies (fn,th and fn,obs) by minimizing the quantity,

S =

√
1
N
∑ ( fn,obs − fn,th

fn,obs
)2

, (9)

1/f ≈ ∫ ds/VA

where N is the number of harmonics used and subscript n is har-
monic  labels.  For  a  spectrum with  resolution of  0.56  mHz (signal
length of  30 min),  the error  in  manually  harmonic  determination
is ~0.05. We find α = −5.0 ~ −2.9 (S < 0.05) with αbest = −3.8 (min-
imum S <  0.04).  The  negative α indicates  that  the  mass  density
reaches a local peak at the equator and reduces toward larger lat-
itudes. To  note,  in  a  real  sense  the  mass  density  will  finally  in-
crease  with  latitude  as  the  magnetic  field  line  approaches  the
ionosphere.  The value of α <  0  exists  because the magnetic  field
line near the equator plays a main role in the Alfvén frequency de-
termination  (Denton  et  al.,  2006).  Based  on  the  WKB  formula  for
the Alfvén frequency , at higher latitudes the magnet-

ic field is stronger and hence VA is larger, placing less effect on the
values of the frequencies.

f̄ =(fn+1 − fn)/f3

For a dipole magnetic field with a power law distribution, the sep-
aration between the successive harmonics does not depend signi-
ficantly  on  the  harmonic  number  (Schulz,  1996; Takahashi  and
Denton, 2007). The relationship between the parameter α and the
harmonic  frequency  separation  is  introduced  by Takahashi  and
Denton  (2007).  The  normalized  frequency  separation 

 decreases  from  ~0.40  for α =  −6  to  ~0.33  for α =  6,

while for α = 0 the separation is ~0.38. Hence, a smaller α corres-
ponds to a broader normalized frequency separation. We apply a
30 min sliding FFT window and a 15 min advancing step to Bϕ to
determine  the  harmonic  frequency  for  frequency  separation
checking. For every spectral line, peaks with spectral width at 75%
of the peak intensity (> 0.1 nT2/Hz) less than 3 mHz are selected.
Then,  we  eliminate  the  outliers  and  manually  choose  the  most
representative  frequencies. Figure  3a shows  the  PSD  of Bϕ with
harmonic frequencies (black dots)  over-plotted.  EMIC wave amp-
litudes are shown in Figure 3b (H band and He band are denoted
by  red  and  blue  lines,  respectively).  The  normalized  frequency

f̄ f̄

f̄

separations  with error bars are shown in Figure 3c. Obviously, 
is  larger  (~0.4–~0.45)  when  EMIC  waves  show  up  (between  two
red  dashed  lines),  corresponding  to  smaller α (<  0)  than  most  of
those outside of this time interval (  < 0.38 and α > 0). This agrees
with  the  result  of  the  theoretical  calculation  (Takahashi  and
Denton, 2007). The presence of EMIC waves and broader harmon-
ic frequencies indicates that the equatorial mass density peaks are
possibly triggered by EMIC waves.

3.3  Ion Measurements
We  divide  the  case  into  Event  1  (time  before  07:00:00  UT)  and
Event 2 (time after 07:00:00 UT) according to the EMIC waves’ in-
tensities. Figures  4a and 4b show  the  electron  number  densities
(ne)  derived  from  upper  hybrid  frequencies  of  Event  1  (left)  and
Event 2 (right), respectively. Figures 4c and 4d show the ion num-
ber densities for H+ (nH, red lines), He+ (nHe, magenta lines), O+ (nO,
cyan  lines),  and  ensemble  (ntotal = nH + nHe + nO, black  lines)  ob-
tained from HOPE flux data with energies < 100 eV. Figures 4e and
4f show the mass density (ρ = nH + 4nHe + 16nO, blue dots) and av-
erage  ion  mass  (M = ρ/ntotal,  red  dots)  with  densities  obtained
from Figures 4c and 4d. There are ions with low energy undetec-
ted by the HOPE instruments, hence the electron number density
and ion number density are different as shown in Figures 4a−4d.
Solid curves denote 15-point smoothed values. H band (red lines)
and He band (blue lines) EMIC wave amplitudes are shown in Fig-
ures 4g and 4h. Low energy H+, He+, and O+ fluxes are displayed in
Figures 4 (i, k, m) and (j, l, n),  respectively.  All  fluxes are summed
over  the energy interval  titled above each panel.  The proportion
of higher energy (> 100 eV)  ion fluxes are very small,  hence they
are  not  included.  As  EMIC  waves  show  up,  H+ fluxes are  signific-
antly enhanced and become more concentrated near pitch angle
at 90° (Figures 4c and 4h), which indicates a trapping distribution
of  these  low  energy  H+.  He+ fluxes  show  a  weaker  relation  with
the  waves  in Figures  4k and 4l, and  weaker  anisotropic  distribu-
tion is found. No simultaneously enhanced flux of O+ is observed,
as shown in Figures 4m and 4n. Hence, as in Figures 4c and 4d, nH,
nHe,  and ntotal increase with enhanced wave amplitudes,  while nO

remains small and almost constant. In addition, the simultaneous
increases of ne and ntotal are well-correlated with wave emissions
and  trapping  H+ fluxes, indicating  certain  modulation  mechan-
isms among  them.  The  coexistence  of  enhanced  wave  amp-
litudes  and  trapped  H+ fluxes  indicate  that  low  energy  H+ ions
should be perpendicularly heated by the EMIC waves. Heating of
low energy ions by EMIC waves has been observed and simulated
by many previous researchers (Gary et al., 1995; Omidi et al., 2010;
Bortnik  et  al.,  2010; Kitamura  et  al.,  2018; Yu  XD  and  Yuan  ZG,
2019). Cold  protons  have  a  non-resonant  interaction  with  en-
hanced  proton-cyclotron-like  fluctuations  generated  near  the
magnetic  equator  (Gary et  al.,  1995).  The non-resonant character
of  this  interaction has  been confirmed by Anderson and Fuselier
(1994), and their observations show that the low-energy protons’
perpendicular  temperature  increase  is  always  observed  at  90°
pitch angles. The simulation results of Yu XD and Yuan ZG (2019)
also show that, under the influence of the EMIC wave, the perpen-
dicular beta  (temperature)  of  the  cold  protons  increases  signific-
antly, while  the  parallel  beta  (temperature)  remains  almost  un-
changed. Thus, the perpendicular heating of the cold protons can
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be  explained  by  the  non-resonance  interaction  with  the  EMIC

waves. Ions with larger equatorial pitch angles will mirror at lower

latitudes and may lead to higher ion abundances near the equat-

or.  Therefore,  by  investigating  the  measured  ion  fluxes,  we  find

that  the  peak  formation  is  most  likely  due  to  the  enhanced  ion

abundances at  equator,  which are triggered by EMIC waves’  per-

pendicular  heating  on  low  energy  ions. Figures  4e and 4f illus-

trate  that ρ (black  lines)  increases  while M (red  lines)  decreases

when  EMC  waves  exist.  Since ρ is  the  product  of M and  number

density n, the formation of a local mass density peak can be attrib-

uted to a dominant increase of n at the equator.

4.  Discussion
According to Liouville's  theorem, for  a  bi-Maxwellian distribution

with A >  1  (A <  1)  the  integral  number  density  will  decrease  (in-

crease) towards higher latitudes along the field line, while for A =

1  the  number  density  will  be  constant  (Roederer  and  Zhang  H,

2014). A is the  temperature  anisotropy  (perpendicular  temperat-
ure divided by parallel temperature). For quantitative analyses, we
convert  the  time  averaged  H+ fluxes  to  phase  space  densities  in
two  time  intervals  as  denoted  by  two  black  vertical  lines  in
Figure  4c (06:08:24  UT  to  06:13:24  UT  of  Event  1)  and Figure  4h
(07:44:12 UT to 07:47:12 UT of Event 2), respectively. Then, we ad-
opt the bi-Maxwellian distribution to fit the ion phase space dens-
ities  (Yuan  ZG  et  al.,  2019)  with  energy  <  ~100  eV  and  map  the
number densities along the field line according to Liouville's the-
orem. Unfortunately,  the measured O+ fluxes are too deficient to
perform fitting (as shown in Figures 4m and 4n). Because no direc-
tional preference is observed in low energy O+ fluxes, we assume
the observed O+ distribution has A = 1, nO+ = 0.0649 cm−3 of Event
1  and A =  1, nO+ = 0.0388 cm−3 of  Event  2  (densities  are  derived
from  HOPE  by  adding  all  fluxes  with  energy  level  <  100  eV).  The
fitting parameters for H+, He+, and O+ are displayed in Table 1.

Liouville’s  theorem  states  that  the  distribution  function f(r, v,  t)
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Figure 3.   (a) Wave power spectra of ULF waves with harmonic frequencies denoted by black dots. (b) Amplitudes for H+ band (red line) and He+

band (blue line) EMIC waves. (c) (f3–f2)/f3 denoted by black dots. Red vertical dashed lines denote the existence of EMIC emission.
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along  a  single  particle  trajectory  through  any  point  (r(t), v(t))  in

phase space is constant, which means that f(r(t), v(t), t) = f(r0, v0, 0)

with initial  condition r(0)  = r0 and v(0)  = v0. For  simplicity,  we as-

sume fitted ions are trapped on dipole field lines under adiabatic

conditions. We still uphold some basic restrictions, i.e. absence of

field-aligned electric fields, no time-variations, and symmetric an-

gular distributions everywhere (Roederer and Zhang H, 2014). We

choose the distribution function f(T0, μ0) at the magnetic equator

and f(Ts, μs) at point s on the same field line, where T = mv2/2, m is

the  particle  rest  mass, v is  the  particle  velocity, μ is  the  cosine

value of the pitch angle α. This gives us:

ns = n0
2Bs
B0

∫ ∞

0
∫ 1

μ∗0

f (T0, μ0) μ0dμ0dT0√
1 − ( BsB0

) (1 − μ2
0) , (10)

f (T0, μ0) = 1
A

√√√√√√⎷ T0

πT 3∥ ⋅ e
−

T0
AT∥ (1+Aμ2

0−μ
2
0), (11)

where ns and n0 are  the  number  densities  at  point s and  the

equator,  respectively. Bs and B0 are  the  corresponding  magnetic

fields  at  two  points  (dipole  model  is  used  here).  Particles  with μ
below the limiting value μ0

* = (1−B0/Bs)0.5 at the equator will  mir-

ror before reaching point s. The integral of f(T0, μ0) over 0 < T0 < ∞
and −1 < μ0 < 1 is equal to 1. The fitted parameters in Table 1 are

considered as the equatorial ion distribution parameters since the

observations are made close to the magnetic equator. Figures 5a

and 5b show the field line mass density distributions of H+(ρH, red
curve),  He+(ρHe,  magenta  curve),  O+(ρO, cyan  curve),  and  en-
semble  (ρtotal,  black  curve)  of  Event  1  (left  column)  and  Event  2
(right column),  respectively.  The  total  mass  density  can  be  ex-
pressed as ρtotal = nH + 4nHe + 16nO = ρH + ρHe + ρO. Figures 5c and
5d display the distributions of mass densities normalized to their
equatorial  values.  Evidently,  the total  mass density  in each event
has a  local  peak  at  equator,  which  is  consistent  with  the  predic-
tion of our wave frequency analyses. Power law distributions with
α = −5.0 (black dotted dashed curve), −3.8 (green solid curve), and
−2.9 (black  dashed  curve)  obtained  from  Section  3  are  also  dis-
played in Figure 5d for  comparison.  These illustrate  that,  though
the  ions  measured  by  the  HOPE  occupy  only  a  small  part  of  the
ensemble  due  to  the  limitation  of in  situ detection, the  distribu-
tion of ρtotal is approximately in line with the power law distribu-
tion  derived  from  frequency  analyses.  Additionally,  the  electron
number densities derived from upper hybrid frequencies increase
together  with  enhanced  H+ fluxes,  which  is  denoted  by  two
dashed vertical lines in Figures 4a, 4c, 4f, and 4h, respectively. The
electron  number  densities  have  increases  of  6−10  cm−3, corres-
ponding to an enhancement of 10%−25% from the ambient elec-
tron  densities.  Under  the  assumption  of  quasi-neutrality  of
plasma, the obvious enhancements of electron densities also sup-
port  equatorial  ion  concentrations  under  the  influence  of  EMIC
waves.  The observed mass density peaks are located in the post-
noon sector with MLT ~13 hr where a negative α is possible to ap-
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Figure 4.   (a) (b) Electron number densities derived from upper hybrid frequencies. (c) (d) Ion number densities for H+ (nH, red lines), He+ (nHe,

magenta lines), O+ (nO, cyan lines), and ensemble (ntotal = nH + nHe + nO, black lines) obtained from HOPE fluxes data with energy < 100 eV.

(e) (f) Mass density (ρ = nH +4nHe + 16nO, blue dots) and average ion mass (M = ρ/ntotal, red dots). Solid curves denote 15-point smoothed values.

(g) (h) EMIC wave amplitudes. (i) (j), (k) (l), and (m) (n) show the pitch angle distributions of fluxes of H+, He+, and O+, respectively. All fluxes are

averaged over the energy interval titled above each panel.
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pear  (Denton  et  al.,  2004, 2006, 2015; Takahashi  and  Denton,
2007). If the peaks in Figure 2f are also taken to be the fourth and
fifth (or sixth) harmonics, α will be larger than 6, which is unrealist-
ic and, to our knowledge, nobody has reported values of α > 6.

5.  Summary
Through frequency  analyses  of  simultaneously  observed toroidal
harmonics and EMIC waves, equatorial mass density peaks are de-
termined. The distributions of measured low energy ions support

the mass  density  peak  formation  at  the  equator  according  to  Li-

ouville's  theorem.  An  increase  of  perpendicular  fluxes  of  ions

(< 100 eV) heated by EMIC waves can promote mass density peak

formation at  the equator.  This  paper thus provides observational

evidence  that  equatorial  mass  density  peaks  are  formed  due  to

equatorial  ion  concentrations  triggered  by  EMIC  waves.  In  turn,

equatorial  mass  density  peaks  influence  the  excitation  and

propagation of  magnetohydrodynamic  waves,  which  will  be  in-

vestigated in future work.

Table 1.   Fitting parameters for H+, He+, and O+ obtained from HOPE flux data with energy < ~100 eV.

n/cm−3 T||/eV A

H+

Event 1 1 1.253 1.1745 2.1511

2 0.2606 1.6912 0.3086

3 0.3831 4.6979 1.960

4 0.0601 42.2808 1.2346

Event 2 1 2.0794 1.6735 1.2142

2 0.2412 13.0496 0.5776

He+

Event 1 1 0.5031 1.4383 0.7525

2 0.1809 4.6979 1.6044

3 0.2003 28.5839 1.4792

Event 2 1 0.5196 1.0825 1.5625

2 0.3004 9.2078 1.5329

3 0.0653 63.1601 1.7617

O+
Event 1 1 0.0649 – 1

Event 2 1 0.0388 – 1

f (ν∣∣, ν⊥) = 1

π3/2V∣∣V2
⊥

e
−

ν2∣∣
V2∣∣ e−

ν2
⊥

V2
⊥ , T∣∣,⊥ = 1

2
mV2∣∣,⊥, A =

T⊥
T∣∣ .Note: Bi-Maxwellian distribution: 
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Figure 5.   (a) (b) H+ (red curve), He+ (magenta curve), O+ (cyan curve), and total (black curve) mass density distributions with respect to the MLAT

of Event 1 (left) and Event 2 (right). (c) (d) Mass density distributions normalized to their equatorial values. Power law distributions with α = −5.0
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