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Abstract: Using the test particle simulation method, we investigate the stochastic motion of electrons with energy of 300 keV in a
monochromatic magnetosonic (MS) wave field. This study is motivated by the violation of the quasi-linear theory assumption, when
strong MS waves (amplitude up to ~1 nT) are present in the Earth’s magnetosphere. First, electron motion can become stochastic when
the wave amplitude exceeds a certain threshold. If an electron initially resonates with the MS wave via bounce resonance, as the bounce
resonance order increases, the amplitude threshold of electron stochastic motion increases until it reaches the peak at about the 11th
order in our study, then the amplitude threshold slowly declines. Further, we find that the coexistence of bounce and Landau resonances
between electrons and MS waves will significantly reduce the amplitude threshold. In some cases, the electron motion can become
stochastic in the field of an MS wave with amplitudes below 1 nT. Regardless, if neither the bounce nor Landau resonance condition is
satisfied initially, then the amplitude threshold of stochastic motion shows an increasing trend for lower frequencies and a decreasing
trend for higher frequencies, even though the amplitude threshold is always very large (> 5 nT). Our study suggests that electron
stochastic motion should also be considered when modeling electron dynamics regulated by intense MS waves in the Earth’s
magnetosphere.
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1.  Introduction
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Magnetosonic  (MS)  waves,  also referred to as  equatorial  noise  or
ion Bernstein  mode,  are  electromagnetic  emissions  at  frequen-
cies  between the proton gyrofrequency  and lower hybrid res-
onance frequency  in the Earth’s magnetosphere (Russell et al.,
1970; Gurnett,  1976; Santolík  et  al.,  2002, 2004; Gary  et  al.,  2011;
Boardsen  et  al.,  2016). They  are  usually  detected  at  several  har-
monics  of  the  local  proton  gyrofrequency  in  the  time-frequency
spectrogram (Balikhin et al., 2015; Boardsen et al., 2018), while in-
tense  MS waves  can also  have a  continuous  spectrum (Tsurutani
et al., 2014). The discrete and continuous nature of MS waves has
been  well-explained  by Chen  LJ  et  al.  (2016) and SUN  JC  et  al.
(2016a, b). Satellite observations indicate that MS waves are con-
fined within a few degrees of the magnetic equator and located at
2 ≤ L-shell ≤ 8 (Perraut et al., 1982; Laakso et al., 1990; Ma QL et al.,
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2013), which are commonly believed to be excited by the ring dis-
tribution of  ring-current  protons (Boardsen et  al.,  1992; Meredith
et  al.,  2008; Chen  LJ  et  al.,  2010; Ma  QL  et  al.,  2014; Yu  J  et  al.,
2019b).  MS waves  typically  have  a  very  large  wave normal  angle
(WNA) that is close to  and are nearly linear polarized (Kasaha-
ra et  al.,  1994; Chen LJ and Thorne,  2012; Min K et  al.,  2019).  The
dominant magnetic  component  of  MS  waves  is  along  the  back-
ground magnetic field (i.e., large magnetic compressibility), while
the  wave  electric  field  is  nearly  aligned  with  the  wave  vector
(Boardsen  et  al.,  2016, 2018; Gao  XL  et  al.,  2018; Sun  JC  et  al.,
2020). Statistical  results  show  that  MS  waves  have  average  amp-
litudes of ~50 pT in the inner magnetosphere (Ma QL et al., 2013),
whereas  very  intense  MS  waves  have  also  been  reported  with
amplitudes up to ~1 nT during substorm activity (Tsurutani et al.,
2014; Teng SC et al., 2019).

Energetic  electrons  trapped  in  Earth’s  Van  Allen  radiation  belts
typically  experience  three  periodic  motions:  gyration,  bounce,
and drift. These three periodic motions are decoupled in the mag-
netosphere because of their well-separated periods, and are asso-
ciated with  the  first,  second,  and  third  adiabatic  invariants,  re-
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spectively  (Schulz  and  Lanzerotti,  1974).  The  violation  of  these
adiabatic  invariants  can  be  caused  by  several  plasma  waves
through resonances  with  electrons,  leading  to  irreversible,  dy-
namic changes of electron distribution (Thorne, 2010). In general,
these  resonant  wave-particle  interactions  can  be  described  in
terms  of  pitch  angle  and  energy  diffusion  coefficients  based  on
quasi-linear theory, which has been widely employed to study in-
teractions between  MS  waves  and  electrons  in  the  magneto-
sphere (Horne et al., 2007; Li XX et al., 2015; Maldonado and Chen
LJ, 2018; Fu S et al., 2019a). MS waves are capable of accelerating
electrons  between  ~10  keV  and  ~100  keV  to  relativistic  energies
via  Landau  resonance,  indicating  they  might  play  an  important
role  in  radiation  belt  dynamics  (Horne  et  al.,  2007).  Further,  MS
wave-driven  resonance  interaction  is  believed  to  be  a  candidate
mechanism responsible for the formation of electron butterfly dis-
tributions whose local flux has a minimum value at  pitch angle
in the magnetosphere (Xiao FL et al., 2015; Li JX et al., 2016; Ma QL
et  al.,  2016; Maldonado et  al.,  2016; Ni  BB et  al.,  2018; Yu J  et  al.,
2019a).

The  motion  of  a  charged  particle  in  a  wave  field  can  become
stochastic  (i.e.,  chaos)  if  the  wave  amplitude  exceeds  a  certain
threshold, resulting in the nonlinear diffusion of particles in pitch
angle  and  energy  (Smith  and  Kaufman,  1978; Lichtenberg  and
Lieberman, 1992; Chen L et al., 2001; Gates et al., 2001). Theoretic-
al and simulation studies demonstrate that the stochastic motion
of charged  particles  occurs  when  neighboring  resonances  over-
lap in phase space, and the width of the resonant island is mainly
controlled by the wave amplitude (Villalón and Burke,  1987; Guo
ZH et al., 2008; Lu QM and Chen L, 2009). A Poincare plot is the in-
tersection of an orbit in the state space of a continuous dynamic-
al  system  with  a  certain  lower-dimensional  subspace,  which  is  a
useful tool to analyze a dynamical system and approximately de-
termine the amplitude threshold of  stochastic  motion.  The other
way  to  derive  the  stochastic  threshold  is  Fast  Fourier  Transform
(FFT)  analysis  of  the  particle  velocity  time  series,  in  which  the
transition between the discrete and continuous power spectra ap-
pears. Both methods have been widely used to study ion dynam-
ics in the Alfven/ion cyclotron or MHD MS wave field (Chen L et al.,
2001; White  et  al.,  2002; Guo ZH et  al.,  2008; Lu  QM and Chen L,
2009; Gao XL et al., 2012).

In this paper, we thoroughly study the electron stochastic motion
induced  by  a  monochromatic  MS  wave  with  the  fully  relativistic
test particle  simulation  method,  which  may  violate  the  assump-
tion of  the  quasi-linear  theory  (QLT).  We  have  given  the  amp-
litude  thresholds  of  electron  stochastic  motion  in  the  MS  wave
field in various cases and also investigated their dependences on
wave and particle parameters. Importantly, the results reveal that
the amplitude  threshold  of  stochastic  motion  for  ~100  keV  elec-
trons can be less than 1 nT in some cases. This suggests that elec-
tron stochastic motion may be induced by MS waves in the Earth’s
magnetosphere, and  therefore  the  validity  of  QLT  may  be  ques-
tionable  when  intense  MS  waves  are  involved.  In  Section  2,  the
test  particle  model  is  described followed by simulation results  in
Section 3, concluding with a summary and discussion in Section 4. 

2.  Simulation Model
We adopt  a  test  particle  simulation model  to  study electron mo-
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tion in  the  field  of  a  monochromatic  MS  wave.  Here,  the  back-

ground magnetic field  is a simplified dipole field without con-

sidering  the  curvature,  given  as  in  the

Cartesian  coordinate  system,  where z is  the  distance  along  the

field  line  from  the  equatorial  plane.  is  given  as  a  function  of

magnetic latitude  as , and in

order  to  satisfy ,  we  simply  require 

and .  The  relation  between z and  is de-

scribed by  in our model, where L is the

L-shell value and  is the radius of Earth. In this simplified dipole

field  model,  we  have  neglected  the  drift  motion  of  electrons  by

assuming that MS waves are distributed uniformly over magnetic

local  time,  which has also been used in previous works (Tao X et

al., 2012; Fu S et al., 2019a).
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89°
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In  this  model,  the  chosen  simulation  domain  is  located  at  the

magnetic  field  line  of L =  6.8,  meaning  the  trajectory  of  the  test

particle is fixed at this field line (i.e., the z-axis). Here the choice of

a  relatively  larger L allows  that  the  bounce  resonances  between

MS waves and electrons can occur for the first few orders (Shprits,

2009).  Satellite  observations  indicate  that  MS  waves  are  typically

detected  near  the  magnetic  equator,  so  MS  waves  in  our  model

are confined within  and have a constant amplitude in this

region. The WNA of MS waves is fixed as ,  and its wave vector

lies  in  the x-z plane.  To  reduce  the  transit  time  effect,  the  ratio

between plasma frequency and electron gyrofrequency ( )

is set relatively higher, i.e., 32.

The  electrons’  motion  in  our  simulation  model  can  be  described

by the following equations:
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where  is the Lorentz factor, and  and q are the rest mass and

charge of the electron, respectively. The wave field  and  at a

specific position and time is given by:
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where  is the wave phase, and the wave normal

vector k is  given by .  is  the wave frequency,

and  is the initial wave phase at the equator of L = 6.8. Here, the

wave  number k, as  well  as  each  component  of  the  wave  amp-

litude, i.e., , , , , , and  can be determined by combin-

ing the cold plasma dispersion relation of MS waves and the Max-

well equation  (e.g., Tao X et al., 2012; Tao X and Li X,

2016; Fu S et al., 2016, 2019b)
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Here,  is  the WNA of the MS wave, P, S,  and D are the Stix para-
meters,  is  the  refractive  index,  and c is  the  light  speed.
The Boris method (Boris, 1970) is utilized to solve the fully relativ-
istic Lorentz Equation (1), which has been widely used in previous
works  (Lu  QM  and  Chen  L,  2009; Gao  XL  et  al.,  2012; Fu  S  et  al.,
2019a,  b; Cai  B  et  al.,  2020; Fu  S  and  Ge  YS,  2021).  Note  that  we
only use Equation (1)  to trace the charged particle motion in the
analytical  wave  field,  where  wave-particle  interactions  are  non-
self-consistent. In each simulation run, we initially set the selected
electron at the equator of L = 6.8, and the initial gyro-phase angle
(i.e.,  the angle between  and the x-axis)  of  the electron is  fixed
as zero (i.e.,  and ).  The time step is set as ,  and

the total  time for  each simulation case  is ,  where  is  the
unperturbed bounce period of the selected electron. The electron’s
velocity is normalized by vth, which is the thermal velocity of elec-
trons with a temperature of 1 eV.

ω = nωb

ωb = 2π/τb
τb ≈ 0.085L (c/v) (1.3 − 0.56sinαeq)

ω nωb

nωb

ω = k//v// k// v//

In this  study,  we consider  both the bounce resonance and Land-
au resonance between electrons and MS waves.  The bounce res-
onance condition is , where n is the bounce resonance or-
der,  and  is the electron’s  bounce frequency that is  es-
timated  by  (Lyons  and  Williams,

1984, p. 24). Note that, since the bounce resonance occurs over a
finite range of  near  (n = 1, 2, 3 …), i.e., not necessarily at ex-
act  (Chen LJ et al., 2015), the bounce resonance condition can
be well-satisfied  initially.  The  Landau  resonance  condition  is  giv-
en by , where  is the parallel wave number and  is the
parallel velocity of the electron. There exist two methods to exhib-
it the stochastic motion of the electron in the literature. The first is
that the trajectory of the electron in the Poincare map is irregular,
while the second is that the frequency spectrum of electron velo-
city is continuous. 

3.  Simulation Results

vz

vz (t) t = 500τb0
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We  first  investigate  electron  motion  in  the  wave  field  when  the
bounce resonance satisfies at the first order. Figure 1 displays the
spectrum of the z component of electron velocity  as a function
of  frequency,  which  is  obtained  by  the  Fast  Fourier  Transform
(FFT) time series of  from t = 0 to . The parameters of
the monochromatic MS wave are listed here: , initial phase
at the equatorial plane , and amplitude (a) Bw = 0.1 nT, (b)
Bw = 0.7 nT, and (c) Bw = 3.0 nT. The initial  equatorial  pitch angle

 and  kinetic  energy  of  the  selected  electrons  are  and
300  keV,  i.e.,  with  the  corresponding  bounce  period 
and  bounce  angular  frequency .  When  the  wave
amplitude is very small (0.1 nT), the spectrum shows several finite
power  peaks  (Figure  1a)  where  each  peak  corresponds  to  one
periodic bounce  motion  of  an  electron.  Here,  the  change  of  en-
ergy and pitch angle of the electrons caused by MS wave interac-
tion  leads  to  the  change  of  bounce  period  of  the  electrons,  and
the  existence  of  finite  power  peaks  in  the  spectrum  means  the
electron motion is quasi-periodic. As the amplitude increases, the
spectrum  of  tends  to  have  more  and  more  power  peaks
(Figure  1b)  until  it  becomes  continuous  (Figure  1c).  In  other
words, the motion of the electrons becomes stochastic in the field
of  MS  waves  with  a  sufficiently  large  amplitude.  This  method  of
presenting  the  stochastic  motion  of  charged  particles  in  a  wave
field was developed by Lu QM and Chen L (2009). In this case, the
amplitude threshold of electron stochastic motion is estimated as
0.7 nT. It is worth mentioning that, although the threshold estim-
ated  in  this  study  is  not  very  accurate,  the  dependences  of  the
amplitude  threshold  on  wave  and  particle  parameters  (i.e.,  the
main conclusions in this paper) remain unchanged.

vz

vz

The electron stochastic  motion is  also illustrated by the Poincare
map in Figure 2. Figures 2a, 2d, and 2g and Figures 2b, 2e, and 2h
give the overview and partially enlarged view, respectively, of the
scatterplots  of  the electron’s  trajectory in (z, )  space,.  The black
line in Figure 2a, 2d, or 2g represents the Landau resonance velo-
city as a function of z. Further, Figure 2c, 2f, and 2i show the Poin-
care map obtained by recording points when the electron crosses
the equator from south to north (i.e., z = 0,  and  > 0);  the para-
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Figure 1.   The spectrum of the z component of electron velocity  as a function of frequency, which is obtained by the Fast Fourier Transform

(FFT) the time series of  from t = 0 to . The parameters of the monochromatic MS wave are listed here: , initial phase at the

equatorial plane , and amplitude (a) Bw = 0.1 nT, (b) Bw = 0.7 nT, and (c) Bw = 3.0 nT. The initial equatorial pitch angle  and kinetic

energy  of the selected electron are  and 300 keV, respectively.  and  are unperturbed period and angular frequency of electron’s

bounce motion, hereafter.
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meters of waves and electrons are the same as those in Figure 1.

As expected, when the wave amplitude is small (0.1 nT), the Poin-

care  maps  in Figures  2b and 2c only show simple  lines,  support-

ing  the  periodic  motion  of  the  electron  in  this  wave  field.  If  the

wave amplitude increases to 3 nT, then the trajectory of electrons

in the Poincare map becomes irregular and the electron motion is

chaotic (Figures 2h and 2i).
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Since the bounce resonant scattering effect of MS waves on elec-

trons  is  sensitive  to  the  initial  wave  phase  (Chen  LJ  and  Bortnik,

2020),  the  amplitude  threshold  of  electron  stochastic  motion  is

also  affected  by  the  initial  wave  phase . Figure  3a shows  the

scatterplots  of  by  recording  points  when  electrons  cross  the

equator from south to north (i.e., z = 0, and  > 0) at different ini-

tial wave phase  where the MS wave amplitude is fixed as Bw =

0.4 nT, while in 3b the amplitude threshold of electron stochastic

motion is shown as a function of . The initial pitch angle and en-

70°
vz
vz

vz

ϕ0 = π

ergy of electrons are  and 300 keV. The horizontal dashed line

represents the initial value of  for electrons at the equator of L =

6.8. The maximum variation in  caused by the first-order bounce

resonance roughly  reflects  the  width  of  the  resonant  island.  Fur-

thermore, the variation of  is found to be dependent on the ini-

tial wave phase (Figure 3a), which is also equal to the initial phase

difference  between  the  electrons  and  MS  waves  in  our  model

(Chen  LJ  and  Bortnik,  2020).  According  to  previous  studies  (Guo

ZH et al., 2008), the stochastic motion of the charged particles can

be caused  by  the  overlapping  of  adjacent  resonant  islands,  sug-

gesting  that  the  larger  the  resonant  islands,  the  more  easily  the

electron stochastic motion can occur.  As shown in Figure 3b, the

amplitude threshold  of  electron  stochastic  motion  has  a  minim-

um  of  ~0.4  nT  at .  Hereafter,  the  amplitude  threshold  of

electron stochastic motion in the field of one MS wave is given by

the minimum value over different initial phases.
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Figure 2.   (a, b, d, e, g, and h) The scatterplots of electrons’ trajectory in (z, ) space. The black line represents Landau resonance velocity as a

function of z. (c, f, and i) Poincare map of ( ), which is obtained by recording points when the electron crosses the equator from south to

north (i.e., z = 0 and  > 0). Here the parameters of wave and electron are the same as those in Figure 1.
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ω = nωb
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The amplitude threshold also depends on the particle parameters;

the  dependence  of  the  amplitude  threshold  on  the  initial  pitch

angle  of the electron is given in Figure 4. Different colors rep-

resent  the  bounce  resonance  between  MS  waves  and  electrons

with different orders of n. In each simulation run, the frequency of

MS waves  will  be  chosen to  satisfy  the bounce resonance condi-

tion ,  and  we  fix  the  initial  kinetic  energy  of  electrons  as

300  keV.  The  shaded  region  ( )  where  the  left  and

right boundaries of  are determined by the Landau resonance

ω = k//v// λ = 3° λ = 0°condition  at  and , is named the Landau res-

onance region for convenience. If the equatorial pitch angle of the

electron falls in this region, then the electrons should experience

Landau resonance  with  the  MS  waves  during  their  bounce  mo-

tion.  As  shown  in Figure  4, there  is  a  clear  trend  that  the  amp-

litude threshold of electron stochastic motion is decreasing as the

equatorial pitch angle of electrons approaches the Landau reson-

ance  region  for  each  bounce  resonance  order.  Interestingly,  the

amplitude thresholds  reach  the  minimum  in  the  Landau  reson-

ance  region.  These  results  imply  the  coexistence  of  bounce  and

Landau  resonances  will  facilitate  the  development  of  electron

stochastic  motion.  Besides,  we find that  the amplitude threshold

increases  proportionally  with the bounce resonance order n (n =

1,  2,  and  3).  The  correlation  between  bounce  resonance  order n
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Figure 3.   (a) The scatterplots of  by recording points when the electron crosses the equator from south to north (i.e., z = 0, and  > 0) at

different initial wave phase , the amplitude of MS wave is fixed as Bw = 0.4 nT, and (b) the amplitude threshold of electron stochastic motion as

a function of . Here the initial pitch angle and electron energy are  and 300 keV. The horizontal dashed line represents the initial value of 

for an electron at the equator of L = 6.8.
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and the amplitude threshold has been thoroughly investigated in

Figure 5.

αeq0

Figure  5 shows  the  amplitude  threshold  of  electron  stochastic

motion  at  different  bounce  resonance  order n and  electron .
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n ≤ 11

Note  that  the  selected  three  are  far  away  from  the  Landau

resonance region.  When  MS  wave-driven  bounce  resonance  oc-

curs at the low order ( ), the amplitude threshold tends to be-

come larger with the increase of n. However, if the bounce reson-
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ance order n is over , then an increase of n will reduce the amp-
litude  threshold.  To  better  understand  the  dependence  of  the
stochastic  threshold on bounce resonance order,  further  detail  is
given in Figure 6. Figures 6a, 6c, and 6e show the scatterplot of 
in the same format as Figure 3a for bounce resonance order n = 3,
11,  and  14,  respectively.  The  wave  amplitude  is  fixed  as Bw =
5.0 nT. Figures 6b, 6d, and 6f present the bounce and Landau res-
onance  conditions  in  the  ( , ) plane  for  MS  waves  with  fre-
quency , ,  and ,  respectively.  Here,  is  the
unperturbed  bounce  frequency  of  the  selected  electron,  whose

 and  are  and  300  keV.  In Figure  6b, 6d,  and 6f,  the
colored lines denote the bounce resonance conditions, while the
black solid and dotted lines indicate the Landau resonance condi-
tions  at  and ,  respectively.  The  black  plus  marks  the
initial position of the selected electron in the ( , ) plane. From-
Figure 6a to 6c,  we find the maximum  variation caused by the
bounce resonance becomes weaker with the increase of n, but re-
mains almost the same level if n is larger than 11 (Figure 6e). This
indicates that the width of the bounce resonance island is signific-
antly reduced with increasing resonance order for lower orders (<
11), but remains nearly unchanged for higher orders (> 11). From
Figure 6b, 6d,  to 6f,  it  is  clear that the spacing between adjacent
bounce resonances in energy is declining with the increase of res-
onance  order,  suggesting  that  the  bounce  resonance  islands  are
much closer to each other (i.e., the electron energy change caused
by the bounce resonance will make the adjacent resonant islands
overlap  more  easily)  at  higher  resonance  orders.  Since  the
stochastic  motion  of  electrons  should  be  controlled  by  the  two
factors,  such  as  the  width  of  resonance  island  and  the  spacing
between them, we can speculate that at lower bounce resonance
orders, i.e., < 11 for this electron, the decrease in the width of res-
onance island with the increase of resonance order plays a major
role in increasing the amplitude threshold. While at higher orders
>  11,  the  width  of  resonance  islands  remains  nearly  unchanged,
however the adjacent islands become closer as n increases, which
may lead to reduced amplitude threshold.

Ek0

8ωb0 8ωb0

ωpe/Ωe0 ≈ 32

To compare with amplitude threshold under resonance, we have
also  studied  the  electron  stochastic  motion  when  neither  the
bounce nor Landau resonance condition is satisfied at the begin-
ning. Figure  7 shows  the  amplitude  threshold  as  a  function  of
wave frequency for different initial equatorial pitch angles; the ini-
tial kinetic energy  of the electron is also fixed as 300 keV. First
off,  the  amplitude  threshold  increases  with  the  wave  frequency
below ,  but  gradually  decreases  above ,  attributed  to
competition between the width and spacing of resonance islands
as discussed above. Moreover, the amplitude thresholds shown in
Figure  7 are  much  larger  than  those  in Figure  5,  thus  electron
stochastic motion is not stimulated easily without the resonant in-
teractions  between  electrons  and  MS  waves.  It  is  worth  noting
that,  since  the  high  background  plasma  density  condition
( )  is  adopted  in  our  model  (Li  JX  et  al.,  2014),  the

transit time effect on electron stochastic motion is quite weak. 

4.  Conclusions and Discussions
Using a test particle simulation method, we studied the stochast-
ic motion of 300 keV electrons in the field of a monochromatic MS
wave.  If  the  electrons  initially  satisfy  the  bounce  resonance  with
the MS wave, the amplitude threshold of electron stochastic mo-
tion  initially  increases  as  the  bounce  resonance  order  increases,
until  it  peaks  at  the  11th  order  in  our  study.  The  amplitude
threshold then begins a slow decline. It is remarkable that the co-
existence  of  bounce  and  Landau  resonances  between  electrons
and MS waves will significantly reduce the amplitude threshold. In
some  cases,  the  electrons’  motion  can  become  stochastic  in  the
field  of  MS  waves  with  amplitudes  below  1  nT,  suggesting  that
electron stochastic motion can be caused by intense MS waves in
the Earth’s magnetosphere, violating the assumption of quasi-lin-
ear theory. If neither the bounce nor Landau resonance condition
is satisfied  initially,  the  amplitude  threshold  also  exhibits  an  in-
creasing  trend  for  lower  frequencies  and  a  decreasing  trend  for
higher  frequencies,  however  the  amplitude  threshold  is  always
very large (> 5 nT).

Previous studies revealed that the motion of ions in the Alfvén/ion
cyclotron or MHD MS wave field can become stochastic when the
wave amplitude  exceeds  a  certain  threshold,  such  that  the  trap-
ping  widths  associated  with  neighboring  resonances  overlap.  In
this study, we confirm that electron stochastic motion can also be
caused  by  the  MS  wave,  i.e.,  ion  Bernstein  mode.  Especially  with
the coexistence  of  bounce  and  Landau  resonance,  electron  mo-
tion can  become  stochastic  in  the  field  of  MS  waves  with  amp-
litudes below 1 nT in the Earth’s magnetosphere. Quasi-linear the-
ory  (QLT)  is  a  widely  used  tool  to  study  the  interaction  between
electron and  plasma  waves  in  the  Earth’s  radiation  belt;  we  cau-
tion  that  the  validity  of  QLT  may  be  questionable  when  intense
MS waves are involved.

Previous studies  have shown that  hundreds of  keV electrons can
be sufficiently scattered by MS waves via bounce or Landau reson-
ance  (Horne  et  al.,  2007; Li  JX  et  al.,  2014; Fu  S  et  al.,  2019a).
Without any preference, we chose 300 keV electrons to study the
motion  in  an  MS  wave  field.  For  electrons  with  other  energies
(e.g., from tens of keV to ~1 MeV), the amplitude threshold of elec-
trons’  stochastic  motion  will  change,  but  their  dependences  on
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for different initial equatorial pitch angles.
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∣λ∣ ≤ 3°

wave and particle parameters are quite similar. Here, for the hun-
dreds of keV electrons with a large pitch angle (60°–90°), i.e., with
a  corresponding  bounce  period  of  ~1  s,  motion  in  the  low-fre-
quency  (~10  Hz)  MS  wave  field  with  large  amplitude  (~several
hundreds of pT) may more likely become stochastic in the Earth’s
magnetosphere.  Previous  studies  showed  that  the  bounce  and
Landau resonant  scattering effects  of  MS waves  on electrons  are
also sensitive to WNA (Chen LJ et al., 2015; Lei MD et al., 2017). The
WNA of  MS waves is  usually  described as  a  Gaussian distribution
with  a  central  peak  at  89°  or  89.5°.  In  this  study,  the  WNA  of  a
monochromatic MS wave is fixed as 89°. If we change the WNA of
this wave,  the  pitch  angle  range  of  Landau  resonance  and  amp-
litude threshold of electron stochastic motion will change, but the
amplitude threshold reaches the minimum in the new Landan res-
onance region. In addition, we focus on equatorial MS waves with-
in , though off-equatorial  MS waves have also been repor-

ted  with  amplitudes  up  to  several  hundreds  of  pT  (Ni  BB  et  al.,
2018).  The  electron  motion  in  the  strong  off-equatorial  MS  wave
field can also become stochastic but may have smaller equatorial
pitch angles. For convenience and clearance, we only consider the
monochromatic  MS wave in our model,  but the MS waves in the
magnetosphere usually exhibit a discrete or continuous spectrum.
The electron stochastic motion in various MS spectra is also inter-
esting and may tend to occur more easily, but that is beyond this
paper and requires further investigation. 
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