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Abstract: The tidal Love numbers of the Moon are a set of nondimensional parameters that describe the deformation responses of the
Moon to the tidal forces of external celestial bodies. They play an important role in the theoretical calculation of the Moon's tidal
deformation and the inversion of its internal structure. In this study, we introduce the basic theory for the theoretical calculation of the
tidal Love numbers and propose a new method of solving the tidal Love numbers: the spectral element method. Moreover, we explain
the mathematical theory and advantages of this method. On the basis of this new method, using 10 published lunar internal structure
reference models, the lunar surface and lunar internal tidal Love numbers were calculated, and the influence of different lunar models on
the calculated Love numbers was analyzed. Results of the calculation showed that the difference in the second-degree lunar surface Love
numbers among different lunar models was within 8.5%, the influence on the maximum vertical displacement on the lunar surface could
reach £8.5 mm, and the influence on the maximum gravity change could reach +6 pGal. Regarding the influence on the Love numbers

inside the Moon, different lunar models had a greater impact on the Love numbers h, and /; than on k; in the lower lunar mantle and

core.
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1. Introduction

The solid lunar tides are the periodic deformations that occur on
the surface of or inside the Moon under the tidal forces of extern-
al celestial bodies such as the Earth and Sun. Because the Moon
has no fluid medium such as the ocean or the atmosphere, it has
no lunar ocean tide or atmospheric tide; thus, the solid lunar tides
can be referred to simply as lunar tides. The theoretical calcula-
tion of the lunar tidal deformations follows the basic theory of the
traditional solid Earth tidal deformations, and a set of dimension-
less Love numbers is usually used to describe the amounts of de-
formation on the surface of or inside the Moon under the action
of the tide-generating potential. The Love number h, represents
the ratio of the radial displacement of a lunar particle to the radial
displacement of the static equilibrium tide, the Love number I, is
defined as the ratio of the tangential displacement of a lunar
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particle to the tangential displacement of the static equilibrium
tide, and k, is defined as the ratio of the additional gravitational
potential caused by the tidal deformation to the tide-generating
potential, where the subscript n represents the spherical harmon-
ic degree.

During the theoretical calculation process of lunar tidal deforma-
tions, the tide-generating potential of external celestial bodies is
determined by the mass of the external celestial bodies and their
positions relative to the Moon, and these parameters can be cal-
culated very accurately according to the astronomical ephemeris
(Simon et al,, 1994; Park et al., 2021). Meanwhile, the tidal Love
numbers must be obtained by solving the elastic motion equa-
tion of the Moon through numerical integration methods.

The significance of the theoretical study of the lunar tidal Love
numbers mainly lies in the following two aspects. (1) The values of
the lunar tidal Love numbers are closely related to the density dis-
tribution, elasticity, and dissipation properties of the internal lun-
ar material and are of great significance for constraining the deep
internal layered structure of the Moon (Williams et al., 2014).
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Therefore, the high-precision and high-efficiency forward-model-
ing algorithm of Love numbers is important for the inversion of
the physical property parameters of the deep interior lunar mater-
ial. (2) At present, only the high-precision observation value of
second-degree Love number k; can be obtained through space
geodetic techniques. Accurate values of other Love numbers can-
not be obtained by observations (Garcia et al., 2019); therefore,
calculating high-precision tidal Love numbers by using theoretic-
al calculation methods is an important means of obtaining the tid-
al deformations on the lunar surface. In addition, the lunar tidal
deformations calculated by the Love numbers can be an indis-
pensable correction term for future high-precision lunar-based
observations.

The key to numerically calculating the lunar tidal Love numbers is
solving the elastic motion equations. The governing equations
used in the traditional theory of Earth tidal deformation are Pois-
son’s equation and the elastic motion equations derived by Love
(1911), in which the Earth’s self-gravitation and initial stresses are
considered. Alterman et al. (1959) introduced six radius functions
y1-Ye and transformed the deformation-governing equations into
a set of ordinary differential equations about y,-ys by considering
the radial inhomogeneity in the layered Earth model. The
Runge-Kutta method can then be used to numerically integrate
ordinary differential equations so as to obtain the solution to the
Earth’'s deformation problem. However, the traditional
Runge-Kutta method has the following two defects. First, it is ne-
cessary to obtain three sets of independent solutions before solv-
ing the boundary-value problem. However, as the spherical har-
monic degree becomes higher, the linear correlation of these
three independent solutions increases, which worsens the numer-
ical stability of the deformation solutions (Plag and Juttner, 1995).
Second, in the process of Runge-Kutta numerical integration, the
density and elastic modulus are regarded as constants in each
step, and the influences of the gradients of these parameters on
the results are ignored; thus, errors caused by ignorance are intro-
duced into the results.

To avoid the above-mentioned shortcomings, the Galerkin meth-
od, another numerical method of solving partial-differential equa-
tions, is adopted in this study. Different from the traditional
Runge-Kutta method, the Galerkin method converts the deforma-
tion-governing equations in the form of partial-differential equa-
tions into weak equations in the form of integral equations and
then approximates the weak solutions by using the appropriate
basis functions. Consequently, the boundary-value problem can
be converted into a linear algebra problem about the coefficients
of the basis functions. Studies have shown that the Galerkin meth-
od can overcome the shortcomings of the traditional Runge-
Kutta method. On one hand, the integral form is used instead of
the differential form, thereby eliminating the influence of the
density and elastic modulus gradients on the results. On the oth-
er hand, in the case of high-degree spherical harmonics, the Galer-
kin method still has good numerical stability (Quarteroni, 2009).
The spectral finite-element method is a Galerkin method pro-
posed by Martinec (2000) that uses spherical harmonic functions

and hat functions as basis functions to solve the Earth’s loading
deformation problem. The authors of the present study have im-
proved on Martinec’s spectral finite-element method and pro-
posed a more efficient numerical method, namely, the “spectral
element method,” which uses higher order polynomial functions
instead of hat functions (Liao BB et al., 2019). In this research, the
spectral element method is extended to the theoretical calcula-
tion of the lunar tidal Love numbers, which is a new numerical al-
gorithm for solving lunar tidal deformations. On the basis of this
new algorithm, according to the 10 published internal lunar struc-
ture reference models, the respective lunar tidal Love numbers
are calculated, and the influence of using different lunar refer-
ence models on the calculation of Love numbers is analyzed.

2. Basic Theories of Lunar Tidal Deformations and the
Spectral Element Method

Assuming that the Moon is a completely elastic, nonrotating, iso-

tropic, and laterally homogeneous layered sphere, obtaining the

lunar tidal Love numbers requires solving the equations govern-

ing deformation. The basic theories of lunar tidal deformations

and the spectral element method are described in detail below.

2.1 Basic Theory of Lunar Elastic Tidal Deformations

The governing equations of lunar elastic tidal deformations are
partial-differential equations composed of the elastic motion
equation and Poisson’s equation, and they describe the mathem-
atical relationship between the strain tensor and gravitational po-
tential change during the tidal deformation of the Moon. Assum-
ing that the initial stress is hydrostatic pressure, the governing
equations of the tidal deformations can be expressed by the fol-
lowing formulas in the frequency domain:

V- 1— Y4, + V- (0ot) Vo — V (0ou - Vo) = pow’, (1)

V>4, +4nGV - (pou) = 0, )

where 1 denotes the stress tensor, u = (u, ug u)) is the particle’s
displacement vector, ¢, is the perturbation of the initial gravita-
tional potential ¢, p, represents the initial density, and w is the
tidal frequency (Dahlen and Tromp, 1998). In addition, for a com-
pletely elastic and isotropic material, the constitutive relation
between the stress tensor T and strain tensor £ can be expressed as

T=KV -+ 2ug 3)

where K denotes the bulk modulus, u is the shear modulus, and
the relation between the strain tensor and the displacement is

€= % (Vu + VuT). (4)

Equations (1) to (4) are the governing equations of the tidal de-
formation problem.

The boundary conditions of the equations governing lunar tidal
deformation can be expressed by the tide-generating potential of
external celestial bodies on the lunar surface, and the specific ex-
pressions are as follows:

[A- Vg, +4nGpoh-u]l_=H-V (4, +4;), ®)
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[A-tl=0, [4] =0, (6)

where f is the unit normal vector of the Moon'’s outer surface, +
and — denote the outer and inner surfaces of the Moon, ¢, is the
change in gravitational potential, ¢, is the externally applied grav-
itational force field, and ¢; is the tide-generating potential on the
Moon'’s outer surface.

To conveniently compare the relative magnitude between the
tide-generating potential 4] and the corresponding lunar surface
displacements u and the change in gravitational potential ¢,
three dimensionless Love numbers are usually introduced to
measure the amounts of tidal deformation. Because the tide-gen-
erating potential ¢, satisfies the harmonic equation, the tide-gen-
erating potential on the Moon’s outer surface ¢; can be expan-
ded by spherical harmonics. The specific expression is
n

b1 = o = S5 2] oo osa), )
where W, represents the nth-degree tide-generating potential, r
denotes the distance between the centroid of the outer celestial
body and the lunar centroid, g is the average radius of the Moon, z
is the zenith distance of the outer celestial body relative to the
lunar centroid, and P, represents the nth-degree Legendre poly-
nomial. As with the definition given by Love (1911) and Shida
(1912), the relation between Love numbers h,, I, and k, and the
tide-generating potential W, at each harmonic degree n can be
expressed as

u
= 2 g 8
A Jo. (8)
un
I = m%’ (9)
=i, (10)
n

where g, represents the initial gravity on the Moon'’s surface. Tid-
al Love numbers are very important in the theoretical calculation
of tidal deformations. If accurate values of the Love numbers
h,, I, and k, and the tide-generating potential W, are specified at
each spherical harmonic degree, according to Equations (8) to
(10), the particle displacement u,, u, and the gravitational poten-
tial change ¢, can be accurately determined.

Given the boundary-value problem of tidal deformations and the
mathematical definition of tidal Love numbers, the problem of
obtaining the lunar tidal Love numbers becomes a problem of
solving the partial-differential equations. However, because of the
inhomogeneity of the internal lunar structure, it is usually im-
possible to obtain an analytical solution to this problem. There-
fore, the only choice is to use numerical methods to solve the
aforementioned partial-differential equations.

2.2 Basic Theory of the Spectral Element Method

The spectral element method is a numerical method used to solve
second-order partial-differential equations based on their weak
solution, and this can transform the boundary-value problem of
partial-differential equations into simple algebraic equations
(Quarteroni, 2009). Assuming that the solution to the second-or-
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der partial-differential equation is the stationary point of a Her-
mitian bilinear function, then the variation of this Hermitian bilin-
ear function at the stationary point is always equal to zero, and
this stationary point is defined as the weak solution of the second-
order partial-differential equation. For the tidal deformation-gov-
erning Equations (1) to (4), we let Equations (1) and (2) multiply
the trial functions u and &¢, respectively, and we then integrate
them over the Moon. Using Green’s theorem, the Lagrangian mul-
tiplier method, and the boundary conditions (Equations (5) and
(6)), we can obtain the Hermitian bilinear functional

K(u, ¢;6u,84) =0, Y (6u,8¢) € Wi (V), (11)

where the specific expressions of K refer to Martinec’s Equations
(29) to (33) (Martinec, 2000). In Equation (11), W} (V) represents the
Hilbert space, and because it is an infinite-dimensional space, the
exact value of the weak solution (u, ¢) cannot usually be obtained.
To simplify this problem, the Galerkin method is used, and a set of
complete basis functions {¢j} is chosen to form the approximate
solution space W, (V). The spectral element method is a special
form of the Galerkin method in which the entire Moon is divided
into multiple disjoint elements Q,, and a set of orthogonal func-
tions {¢p,,} is selected as basis functions in each element. All these
basis functions together constitute the complete basis of the ap-
proximate solution space W, (V) (Quarteroni, 2009).

It should be emphasized here that the spectral element method
as used in this research is not the same as that commonly used in
seismology. In seismology, the medium is divided into a plurality
of tetrahedral or hexahedral elements, and the polynomial func-
tions are used as the basis functions in each element. The advant-
age is that it can deal with complex models, but the disadvantage
is that the computational cost is usually quite large (Komatitsch
and Tromp, 1999). However, in this study, considering the lateral
homogeneity of the layered lunar model, we divide the entire
Moon into several concentric layers Q, with different thicknesses.
Within each spherical layer, the Lagrange interpolation f,, (r) of a
set of Gauss-Lobatto-Legendre control points is selected as the
basis function on radius r, and any functions with radius r as a vari-
able can be expanded as follows (Gautschi, 2012):

=) 2 W al), (12)

where k represents the number of concentric spherical layers and
a is the number of Gauss-Lobatto-Legendre control points. In ad-
dition, for any function with spherical angle s(6, ) as variables,
the spherical harmonic functions are used as the basis to expand
them into a series. Compared with the method used in seismo-
logy, the advantage of this method is that it can greatly reduce
the computational cost by using the orthogonality of the spheric-
al harmonics. Therefore, the spherical harmonic expansions of the
displacement vector u and gravitational potential ¢, can be ex-
pressed as follows:

u(r,6,0)=

Yoyt [Um (55" (6, 0)+ Vin (11511 (6, 0) + Wi () S50 (6, 0)],
(13)
(6.0)=) " Fim()Yim(6,0), (14)
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J
monics, respectively (Martinec, 2000).

where v;,,.(6, ¢) and sj(:'o)(e, @) are scalar and vector spherical har-

Using the basis function in Equations (12) to (14), we can expand
the solution functions (u,4) and trial functions (8u,8¢) into a
series. Substituting them into the weak solution (11) and letting
the coefficients of the trial functions be unit 1, because of the or-
thogonality of the basis functions, we can obtain the linear algeb-
raic equation about the expansion coefficient vector U:

KU=F, (15)

where Kis what is referred to as the “stiffness matrix” and F is an
inhomogeneous term. Solving the linear algebraic Equation (15),
we can obtain an approximate solution (u, ¢) for the boundary-
value problem of tidal deformations. Finally, according to the
definitions of Equations (8) to (10), the lunar tidal Love numbers
h,, I, and k, can be obtained.

One characteristic of the spectral element method is that it com-
bines the advantages of both the finite-element method and the
spectral method and has both high computational efficiency and
a high convergence rate. The selection of its basis function is sim-
ilar to that of the finite-element method. The domain is divided in-
to several disjoint elements so that the stiffness matrix is a sparse
matrix with good diagonality, which facilitates solving the linear
algebraic equations. In addition, in each element, it is similar to
the spectral method and uses a set of orthogonal functions as the
basis functions, which can accelerate the convergence of an ap-
proximate solution (Quarteroni, 2009).

The spectral element method can be used to calculate the lunar
tidal Love numbers accurately, which can be applied to the in-
verse problem of the interior lunar structure. Because the inver-
sion of the interior lunar structure usually requires forward model-
ing of a large number of lunar structure models, the computation-
al efficiency of the forward algorithm is one of the key issues in
the inverse problem. The spectral element method proposed in
this study has high computational efficiency and can be used as
an efficient forward algorithm for the inversion of the interior lun-
ar structure.

3. Results of the Lunar Tidal Love Numbers

According to the mathematical theories of the lunar tidal deform-
ation boundary-value problem and the spectral element method
given above, the lunar tidal Love numbers are obtained by using
the 10 published lunar reference models. The accuracy of the cal-
culated lunar tidal Love numbers depends mainly on the error of

the algorithm and the lunar reference model used. The influence
of these two aspects on the accuracy of the calculated lunar tidal
Love numbers was analyzed.

3.1 Validation of the Spectral Element Method

To validate the new algorithm, it is necessary to compare the lun-
ar tidal Love numbers calculated by the spectral element method
with the results calculated independently by other researchers.
Using the lunar reference models given by Weber et al. (2011) and
Garcia et al. (2011) (denoted “WB11” and “GR11,” respectively),
Williams et al. (2014) obtained the Moon'’s second- and third-de-
gree Love numbers h,, I, ky, hs, I5, and k;. Table 1 compares the cal-
culation results of the spectral element method and the results of
Williams et al. (2014). The comparison of results shows that the
largest difference appears in the Love number k; of the GR11
model, with a relative error of 0.5%. The results in Table 1 verify
that the spectral element method can be used for high-precision
calculation of the lunar tidal Love numbers.

3.2 Influence of Different Lunar Reference Models on Love
Numbers
Owing to the continuous enrichment of lunar observation data
and the development of inversion mathematical methods, many
lunar reference models have been proposed internationally. The
early lunar reference models mainly relied on the constraints of
the Apollo moonquake data, in which the density and velocity
structure of the lunar mantle could be well constrained by the
body wave travel time of moonquakes (Sun et al., 2019). However,
because of the low number and poor distribution of Apollo moon-
quake stations, the travel time of moonquakes cannot well con-
strain the density and velocity of the lower lunar mantle and core.
The early lunar reference models, such as the models of Na-
kamura (1976) and Gagnepain-Beyneix et al. (2006), do not in-
clude the density and velocity structure of the lunar core, so they
cannot be used to calculate the lunar tidal Love numbers. Weber
et al. (2011) obtained a reference model of the entire moon (i.e.,
WB11) based on the S-wave travel time inversion, and this model
can be used to calculate the lunar tidal Love numbers. With the
implementation of lunar exploration programs such as the Grav-
ity Recovery and Interior Laboratory (GRAIL) satellite (Zuber et al.,
2013), geodetic observations, such as lunar tide Love number k5,
average density, and average moment of inertia, can be obtained
by lunar satellites. These observations can preliminarily constrain
the density and velocity structure of the lunar core, but large un-
certainties still exist (Matsumoto et al., 2015). Garcia et al. (2011)

Table 1. Love numbers obtained by the spectral element method in this study compared with the results of Williams et al. (2014).

Lunar model h, I k, h; 5 k3
Williams et al. (2014) 0.0410 0.0107 0.0234 0.0233 0.00300 0.00945
el Present study 0.0410 0.0107 0.0234 0.0233 0.00300 0.00944
Relative error 0.0% 0.0% 0.0% 0.4% 0.0% 0.2%
Williams et al. (2014) 0.0390 0.0104 0.0223 0.0224 0.00298 0.00910
oR1t Present study 0.0391 0.0104 0.0224 0.0225 0.00298 0.00915
Relative error 0.3% 0.0% 0.4% 0.4% 0.0% 0.5%
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combined the P- and S-wave travel times, second-degree Love
numbers k; and h,, and other observations to constrain the lunar
structure and obtain the lunar reference model GR11. Williams et
al. (2014) studied the influence of the thickness of the low-velo-
city zone and the inner and outer cores on the value of Love num-
ber k; and provided five lunar reference models, designated
GPM1-GPM5. In recent years, Garcia et al. (2019) considered the
influence of lunar viscoelasticity on the second-degree Love num-
ber k; and combined lunar geodetic observation data with moon-
quake observation data to obtain three lunar reference models,
designated M1, M2, and M3. In summary, 10 lunar reference mod-
els can presently be used to calculate the lunar tidal Love num-
bers.

Figure 1 shows the density and Lamé parameters ) and u of the
10 lunar reference models mentioned at different radiuses. The
green lines in Figure 1 are the GPM1-GPM5 models of Williams et
al. (2014). The main difference among these five models is the
thickness of the inner and outer cores and the low-velocity zone.
The pink lines are the three models of Garcia et al. (2019), M1, M2,
and M3. Among them, model M3 (dotted line) has the poorest fit,
model M1 represents the median values of the posterior probabil-
ity distribution, and model M2 represents the median values of
the 1o uncertainties. It can easily be seen that the difference
among these lunar models is relatively small in the lunar mantle
but much larger in the lower lunar mantle and core.

Using the 10 lunar reference models in Figure 1, we calculated the
lunar tidal Love numbers, as shown in Table 2. The second- and
third-degree Love numbers of the different lunar reference mod-
els are given in the table, with the maximum relative error among
these models given in the last row. The results in Table 2 show
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that the maximum relative errors of the second-degree Love num-
bers h,,1,, and k; among the different lunar models were 8.5%,
3.8%, and 8.2%, respectively, and those of the third-degree Love
numbers hs, 15, and k3 were 4.6%, 5.5%, and 4.2%, respectively. In
the following paragraph, we compare these values with the ob-
served values from the GRAIL satellite to illustrate the influence of
the different lunar reference models.

Garcia et al. (2019) presented several observation values of the
second-degree Love numbers k, and h,, and although the obser-
vation value of k, is more accurate, that of h, has greater uncer-
tainty. The observation value of k, = 0.02294 + 0.00018, which is
obtained from the analytical results of the GRAIL satellite’s lunar
gravity observation data. Table 2 shows that the k, of lunar mod-
els GPM1-GPM5 is larger than the observation value. This is be-
cause Williams et al. (2014) did not consider the effects of vis-
coelasticity on k, when providing lunar models GPM1-GPM5. Re-
garding Love number h,, Garcia et al. (2019) pointed out a large
disagreement between the h, obtained by lunar laser ranging
(LLR) and lunar orbit laser altimetry (LOLA), namely that the
result for LLR is h, = 0.0450 + 0.0058 and that for LOLA is h, =
0.0353 £ 0.0031. In Table 2, the theoretical value of h, for different
lunar models is in the range of 0.039-0.042, which is within the er-
ror range of LLR observations, but it is larger than the value of h,
given by the LOLA observations.

Because the magnitude of the third-degree tide-generating po-
tential is approximately 0.0045 that of the second-degree tide-
generating potential and the magnitude of the higher degree is
even smaller than that of the third degree, the calculation error of
the theoretical tidal deformations is mainly affected by the
second-degree Love numbers. The maximum difference in the
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Figure 1. Density and Lamé parameters ) and u of different lunar reference models at different radiuses.
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Table 2. Love numbers of the different lunar reference models calculated by the spectral element method.

Lunar reference model hy h ky hs ls ks
WB11 0.04095 0.01072 0.02342 0.02326 0.00300 0.00944
GR11 0.03907 0.01044 0.02239 0.02249 0.00298 0.00915
GPM1 0.04235 0.01076 0.02421 0.02343 0.00298 0.00951
GPM2 0.04236 0.01077 0.02421 0.02345 0.00298 0.00951
GPM3 0.04239 0.01077 0.02422 0.02348 0.00298 0.00952
GPM4 0.04240 0.01078 0.02422 0.02351 0.00298 0.00953
GPM5 0.04242 0.01079 0.02423 0.02353 0.00298 0.00954

M1 0.04173 0.01050 0.02383 0.02283 0.00291 0.00924

M2 0.04034 0.01044 0.02308 0.02258 0.00294 0.00920

M3 0.04100 0.01037 0.02360 0.02253 0.00284 0.00923

Maximum 0.00336 0.00041 0.00184 0.00105 0.00016 0.00040
Relative error 8.5% 3.8% 8.2% 4.6% 5.5% 4.2%

second-degree h, obtained by the 10 lunar reference models lis-
ted in Table 2 is 0.00336, which is less than the observation error
of £0.0058 given by the LLR. Therefore, compared with the obser-
vation error, the influence of the different lunar reference models
on h, can be ignored. Williams et al. (2014) pointed out that the
maximum tidal vertical displacement on the lunar surface can
reach £0.1 m. According to Equation (8), the influence of different
lunar reference models on the maximum tidal vertical displace-
ment can reach 8.5 mm, which accounts for approximately 8.5%
of the total maximum vertical displacement. Moreover, the
change in gravity caused by tidal deformation on the lunar sur-

face is g = (1 +hy - %kz) z_l;VZ the maximum value of which can

reach approximately +1 mGal. Therefore, the influence of differ-
ent lunar reference models on the maximum gravity change can
reach 6 puGal, which accounts for approximately 0.6% of the total.
Results showed that the choice of different lunar reference mod-
els had a greater impact on the vertical displacement than on the
change of gravity.

To study the sensitivity of the lunar tidal Love numbers at differ-
ent depths to the different lunar reference models, the second-de-
gree Love numbers h,,1,, and k, corresponding to the 10 lunar
reference models were also calculated at different radiuses.
Figure 2 shows the radius-profile curves of the second-degree
Love numbers of the 10 lunar reference models. The results for

1750 —GR11] | 1750 1750 1
—— WB11
— GPMI
- -- GPM2
1500 . cpma| | 1500 1500 1
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12501 — M 12501 1250
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Figure 2. Radius-profile curves of second-degree Love numbers of the 10 lunar reference models.
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the lunar surface tide Love numbers showed that they were not
sensitive to the deep interior lunar structure. The five green lines
in Figure 2 correspond to the lunar reference models GPM1-
GPM5 of Williams et al. (2014). Their inner-core radius varies from
0 to 259 km, but the k, values vary by only 0.00001. However, for
Love numbers h, and I, in the deep lunar interior, different lunar
reference models have an obvious influence on them. At the radi-
us of 500 km, the relative difference of h, and I, can reach 0.026
and0.012respectivelyamongthel0lunarmodelswhereastherelative
difference of k, is only 0.008. The numerical results show that,
in the deep lunar interior, the Love numbers h, and /, are more
sensitive to the change in lunar reference models than is Love
number k.

4. Conclusions

The basic theory of the lunar tidal Love numbers is introduced in
this study, and a new numerical algorithm, the spectral element
method, is proposed to solve for these numbers. The mathematic-
al principles and advantages of the spectral element method are
discussed in detail. The tidal Love numbers of the 10 lunar refer-
ence models were calculated by using the spectral element meth-
od. Using two of the lunar reference models, WB11 and GR11, we
compared the second- and third-degree Love numbers calcu-
lated by the new method in this study with the calculation results
given by Williams et al. (2014). Results showed that the relative er-
ror was within 0.5%, which verified that the proposed algorithm is
highly accurate.

In addition, we studied the influence of the different lunar refer-
ence models on the tidal Love numbers at different depths. The
numerical results for the lunar surface tidal Love numbers showed
that the relative error of the 10 lunar reference models was within
8.5%, the influence on the maximum vertical displacement on the
lunar surface could reach 8.5 mm, and the influence on the max-
imum gravity change could reach +6 pGal. The tidal Love num-
bers on the lunar surface were not sensitive to parameter changes
in the deep interior of the lunar reference models. Regarding the
tidal Love numbers in the deep lunar interior, the change in lunar
reference models had a greater impact on Love numbers h, and /,
but a small impact on Love number k.
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