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Abstract: Parametric decay instability (PDI) is an important process in ionospheric heating. This paper focuses on the frequency and
wavevector matching condition in the initial PDI process, the subsequent cascade stage, and the generation of strong Langmuir
turbulence. A more general numerical model is established based on Maxwell equations and plasma dynamic equations by coupling high-
frequency electromagnetic waves to low-frequency waves via ponderomotive force. The primary PDI, cascade process, and strong
Langmuir turbulence are excited in the simulation. The matching condition in the initial PDI stage and cascade process is verified. The
result indicates that the cascade ion acoustic wave may induce or accelerate the formation of cavitons and lead to the wavenumber
spectrum being more enhanced at 2kL (where kL is the primary Langmuir wavenumber). The wavenumber spectra develop from discrete
to continuous spectra, which is attributed to the caviton collapse and strong Langmuir turbulence.
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 1.  Introduction

ωp = ωL + ωIA

kp = kL + kIA

Parametric  instability  in  ionospheric  heating  by  powerful  high-
frequency  radio  waves  has  been  investigated  both  theoretically
and  experimentally  for  many  years  (Fejer,  1979; Stenflo,  1985;
Leyser, 1991; Song B et al., 1995; Kuo SP, 2014; Akbari et al., 2017).
Langmuir  parametric  instability,  which  is  related  to  Langmuir
wave  excitation,  is  excited  below  the  O-mode  wave  reflection
point.  In  ionospheric  heating,  parametric  decay  instability  (PDI;
Kuo SP, 2015) and oscillating two-stream instability (Kuo SP et al.,
1997)  are  two  typical  types  of  parametric  instability.  In  PDI,  the
pump  wave  decays  into  a  Langmuir  wave  and  an  ion  acoustic
wave.  This  three-wave  coupling  process  is  governed  by  the
frequency and wavevector matching conditions:  and

, where p, L,  and IA denote the pump wave,  Langmuir

wave, and ion acoustic wave, respectively. Another indispensable

condition  for  PDI  excitation  in  ionospheric  heating  is  that  the
pump electric field should exceed the PDI threshold (Bryers et al.,
2013).  If  the  two  conditions  above  are  both  satisfied,  the
secondary  PDI  process  can  be  excited,  and  the  Langmuir  wave
decays into a daughter Langmuir wave and an ion acoustic wave
as a pump wave. This cascade process leads to the generation of
Langmuir  turbulence  (DuBois  et  al.,  1990, 2001; Stubbe  et  al.,
1992; Cheung et al., 2001).

The  high-frequency-enhanced  plasma  lines  and  high-frequency-
enhanced ion lines observed by incoherent scatter radar in iono-
spheric  heating  (Blagoveshchenskaya  et  al.,  2015, 2017; Wang  X
et  al.,  2016; Wang  X  and  Zhou  C,  2017)  are  considered  direct
evidence of  parametric  instability  excitation. Carlson et  al.  (1972)
observed  a  strong  narrow  line  displaced  below  the  high
frequency  by  the  frequency  of  the  ion  acoustic  waves  in  the
plasma, a line near ion acoustic waves, and other weak lines near
high  frequency  at  Arecibo.  High-frequency-enhanced  plasma
lines  have  also  been  observed  by  EISCAT  radar  (Hagfors  et  al.,
1983; Stubbe  et  al.,  1992; Westman  et  al.,  1995; Rietveld  et  al.,
2000). Kuo SP (2001, 2003) observed and studied the cascade lines
in  parametric  instability  spectra.  In  addition, Bryers  et  al.  (2013)
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investigated the thresholds of ionospheric plasma instabilities by
observing  the  plasma  lines  with  different  effective  radiated
powers at EISCAT.

The  weak  turbulence  approximation  (WTA)  was  presented  to
explain the  expanded  spectra  in  the  ionospheric  heating  experi-
ment  (Perkins  and  Kaw,  1971; Fejer  and  Kuo  YY,  1973). Hanssen
et  al.  (1992) compared  solutions  of  WTA  with  solutions  of  the
Zakharov system and found that the Zakharov system was closer
to  the  observations  in  experiments.  Unlike  the  WTA,  the  strong
Langmuir  turbulence  (SLT)  theory,  which  was  presented  by
DuBois  et  al.  (1988, 1990),  indicated  that  the  weak  Langmuir
turbulence  theory  has  a  very  limited  validity  range  close  to  the
reflection  level  and  should  be  replaced  by  the  SLT  theory  in  this
region.  The  SLT  theory  also  showed  that  ion  caviton  collapse
could  be  generated,  which  is  related  to  oscillating  two-stream
instability.  The irregularities can be excited in turbulence process
with  meter  scale,  which  is  smaller  than  in  Natural  excitation
process with kilometer scale (Liu et al., 2021). The irregularities can
effect the wave propagation (Jiang et al., 2020).

The  saturation  spectrum  in  ionospheric  heating  has  been
explained  qualitatively  by  the  WTA  and  SLT  theories  in  previous
studies;  however,  there  are  still  some  unsolved  open  questions.
The  linear  matching  condition  of  frequency  and  wavevector  has
not  been  verified  theoretically,  in  which  the  nonlinear  process
should be considered. Moreover, the evolution of the wavenumber
spectrum has not been studied. The details of Langmuir turbulence
formation related to cascade and caviton collapse are not clear. In
this study, we aim to verify and investigate the matching conditions
to  give  a  detailed  account  of  Langmuir  turbulence  formation,
which will cover the entire stage of parametric instability in iono-
spheric  heating,  by  using  the  numerical  results.  Although  some
preliminary  results  can  be  found  in Feng  T  et  al.  (2018),  more
detailed results  are  presented  in  this  work.  The  matching  condi-
tions  are  verified  from  the  frequency  and  wavevector  spectra
during the initial  PDI stage and the cascade process.  Further,  the
effects  of  ion  cavitons  on  Langmuir  turbulence  shown  in  the
evolution of the spectra are analyzed.

 2.  Modeling of PDI

∇ ⋅ AAA = 0

AAA (z, t) φ (z, t)

Many  authors  have  used  modeling  of  PDI  by  the  extended  or
generalized  Zakharov  model  for  ionospheric  heating  studies
(DuBois  et  al.,  1988, 1990, 1993). Eliasson  and  Stenflo  (2008)
proposed a generalized driven and damped Zakharov system that
couples high-frequency electromagnetic  waves to low-frequency
electrostatic  waves  via  ponderomotive  force.  In  this  model,  the
generation  of  Langmuir  turbulence  is  simulated  by  means  of  a
one-dimensional  full-scale  model  (Eliasson  and  Stenflo,  2008,
2010).  Many  studies  have  presented  a  model  of  electromagnetic
wave propagation in the ionosphere based on the Maxwell equa-
tions (Dahl and Murphree, 1972; Rush, 1986; Nguyen et al., 2015).
In  our  one-dimensional  model,  the  electromagnetic  wave  is
assumed  to  be  transmitted  vertically  into  the  ionosphere,  with
spatial  variations  only  in  the z-direction  (Cartesian  coordinate
system, where x, y, z denote geographic east, north, and vertically
upward  components,  respectively).  According  to  the  Coulomb
gauge condition ,  or Az =  0  in  one dimension,  the vector
function  and  the  scalar  function  are  introduced  in

Equation (1): ⎧⎪⎪⎪⎨⎪⎪⎪⎩
BBB = ∇ × AAA,

EEE +
∂AAA
∂t

= −∇φ,
(1)

where E and B are  the  electric  field  vector  and  magnetic  field
vector, respectively. By substituting Equation (1) into the Maxwell
equations, the wave propagation model becomes Equation (2):⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ε0μ0
∂2AAA
∂t2

− ∇2AAA + ε0μ0

∂(∇φ)
∂t

= μ0jjj,

∇2φ = −
ρc
ε0

,
(2)

ε0 μ0

jjj = enevvve t ρc

ne vvve

where  and  are the vacuum dielectric constant and magnetic
permeability,  is he electric current density,  is  the net

charge, e is the elementary charge, and  and  are the electron
density and velocity. The monochromatic plane wave method can
be used; namely, the vectors are divided into components that are
perpendicular and parallel  to the wavevector.  The electric field is
calculated by Equation (3):⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

EEE⊥ = −
∂AAA
∂t

,

∂EEE//
∂t

= −
∂ (−∇//φ)

∂t
= −

jjj
ε0

.
(3)

⊥ //
EEE// = Ez

EEE⊥ = Exxxx + Eyyyy

The  and  symbols  represent  the  components  perpendicular

and  parallel  to  the  wavevector,  which  indicates  that  and

.

The  basic  plasma  dynamics  are  approximated  by  Equations  (4)
and (5):⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂ne

∂t
= −

∂nevez
∂z

,

∂vvve
∂t

= −vez
∂vez
∂z

z −
e
me

[EEE + vvve × BBB0 + vvve × BBB] − γev
2
Te

ne

∂ne

∂z
zzz − υevvve,

(4)⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
∂ni

∂t
= −

∂niviz
∂z

,

∂vvvi
∂t

= e
mi

EEE −
3v2

Ti
ni

∂ni

∂z
zzz − υivvvi,

(5)

BBB

vvv
υ vTe = (kBTe/me)1/ 2

vTi = (kBTi/mi)1/ 2

γe

υi

where  the  subscripts e and i represent  the  electron  and  ion,  is
the magnetic field from Equation (1), n is density,  is velocity, m is
mass,  is the effective collision frequency,  is the

electron  thermal  velocity,  is  the  ion  thermal

velocity, kB is the Boltzmann constant, and  is the electron ratio
of  specific  heats,  which  takes  the  value  of  3  for  high-frequency
waves  and  the  value  of  1  for  low-frequency  waves.  Variables Te

and Ti are  temperatures  of  the  electrons  and  ions,  respectively.
The  ion  effective  collision  frequency  includes ion-neutral  colli-
sions  and  Landau  damping  derived  from  kinetic  theory.  The
Lorentz force in the ion equations is neglected. The equations are
separated into a fast timescale and a slow timescale. The electron-
governed  equation  becomes  Equation  (6)  for  the  fast  timescale
and Equation (7) for the slow timescale:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∂neh

∂t
= −

∂(nes + ne0)vezh
∂z

,

∂vvveh
∂t

= −
e
me

[EEEh + vvveh × BBB0 −
3v2

Te(nes + ne0) ∂neh

∂z
zzz − υevvveh,

(6)
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me
∂vvvs
∂t

= −eEEEs −
kBTe
n0

∂ns

∂z
z −

e2

4meω2
0

∂∣Ẽh∣2
∂z

z, (7)

nehvezh

where  subscripts h and s represent  the  fast  timescale  response
and  the  slow  timescale  response,  respectively.  The  density  is
governed by n = n0 + nh + ns, where n0, nh, ns represent the back-
ground density, the density fluctuations in the fast timescale, and
the  density  fluctuations  in  the  slow  timescale,  respectively.  The
electron  background  density ne0 equals  the  ion  background
density ni0. For the slow timescale, quasi-neutrality nes = nis = ns is
assumed, which means the velocity of the electrons and ions are
the  same in  the  slow timescale: ves = vis = vs.  The  nonlinear  term

 in  the  continuity  equation  is  neglected.  The  nonlinear
terms in the momentum equation of Equation (3) are transferred
into a ponderomotive force

−
e2

4meω2
0

∂∣Ẽh∣2
∂z

Ẽh
ω0

Ẽh

that  drives  the  slow timescale  velocity (Chen  FF,  1984; Boyd  and
Sanderson,  2003),  where  is  a  slowly  varying  envelope  of  the

high-frequency electric field and  is the pump wave frequency.
Eliasson  and  Stenflo  (2008) presented  equations  governing  the
slowly varying envelope of the high-frequency field to simulate .

Conversely, the high-frequency field is calculated by Equations (2),
(3),  and  (6),  and  the  slowly  varying  envelope  of  the  high-
frequency field is obtained by averaging the electric field over the
fast timescale in our model.

For the  ion  equations,  the  fast  timescale  response  is  not  consid-
ered, namely, nih = 0 and vih = 0 owing to the large ion mass. For
the slow timescale, Equation (8) is obtained:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂ns

∂t
= −

∂n0vsz
∂z

,

mi
∂vvvs
∂t

= eEEEs −mi
3v2

Ti
n0

∂ni

∂z
zzz −miυivi,

(8)

where the continuity equation is linearized the same as in Equation
(6). We add Equation (7) and the momentum equation in Equation
(8). Equation (8) then becomes Equation (9):⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∂ns

∂t
= −n0

∂vsz
∂z

,

∂vsz
∂t

= −
C2
s

n0

∂ni

∂z
− υiviz −

e2

4mimeω2
0

∂∣Ẽh∣2
∂z

,
(9)

Cs = [kB( Te + 3Ti)/mi]1/2
where  the  electron  inertial  term  in  Equation  (7)  is  suppressed
because of  the small  electron mass and  is

the ion acoustic wave speed. Equations (2), (3), (6), and (9) are the
equations used in the simulation.

 3.  Simulation Results

BBB0 = (yyycosθ − zzzsinθ) B0

The  parameters  adopted  in  the  simulation  are  as  follows.  In  the
ionospheric  F2 region,  the  major  proportion  of  positive  ions  are
oxygen atom ions. The ratio of ion mass to electron mass is mi/me =
29,500.  Further, Ti = Te =  1,500  K.  The  geomagnetic  field  is
expressed  as ,  where  the y–z plane  is  the
geomagnetic median plane and θ is the geomagnetic inclination.
In this simulation, we choose a geomagnetic condition in Tromsø,
Norway,  where  the  geomagnetic  inclination  is  approximately

n0 = nmaxexp [−(z − zmax)2/L2]

78.1°,  the  geomagnetic  field  strength  at  ionospheric  height  is
approximately  4.8  ×  10−5 T  and  the  corresponding  electron
gyrofrequency is 1.3466 MHz. We consider a horizontally stratified
electron  and  ion  density  profile  in  the  simulation.  The  profile  is

expressed as ,  where zmax = 300 km

is the height of the F2 peaks, nmax = 6.0 × 1011 m−3 is the ionospheric
maximum  electron  density  and  the  corresponding  plasma
frequency is 6.954 MHz, and L = 40 km is the scale height. In this
nonuniform nested grid method, the spatial step is set as Δz = 2 m
and  the  total  height  region  is  selected  as  200−300  km,  whereas
the electrostatic electric field is solved on a much denser grid size
of 4 cm, at z = 271–272.92 km. The initial electric field of the pump
wave is E0 =  1  V/m.  The frequency of  the O-mode pump wave is
5.5 MHz. According to the O-mode dispersive relation,  the pump
wave is reflected at z = 272.64 km.

Figure 1 shows the simulation results for the O-mode pump wave
with a frequency of 5.5 MHz. The left column shows the simulation
results  for  the  parallel  electric  field,  electron  density,  and  ion
density  in  the  region z =  271.96−272.536  km  at t =  0.8  ms.  The
right  column  shows  the  simulation  results  at t =  1.12  ms.  At t =
0.8 ms, the parallel electric field of the O-mode pump wave shows
evident standing wave patterns. We can also observe fluctuations
of electrons  and  ions  simultaneously  in  the  initial  stage  of  para-
metric instability. At t = 1.12 ms, the standing wave pattern of the
parallel  electric field is obviously distorted because of parametric
instability.  More  intensive  disturbances  of  electron  density  and
ion density can be found at the first Airy maximum of the parallel
electric field.

Figure  2 shows  the  time  evolution  of  the  parallel  electric  field,
electron density, and ion density. We can observe that the standing
wave pattern  of  the  electric  field  begins  to  collapse  at  approxi-
mately t = 1.1  ms.  The parallel  electric  field  increases  to  approxi-
mately 100 V/m because of  Langmuir  waves trapped in  ion cavi-
ties. Figure 2 also shows the generation of the Langmuir turbulence
contributing to the PDI.  Large-amplitude fluctuations are excited
first  at  the reflection point,  and then the height  of  the Langmuir
turbulence  generated  descends  from  272.64  to  271.72  km  with
heating time. This phenomenon is consistent with the ionospheric
plasma behavior during experiments at the reflection area, which
descend tens of kilometers from higher to lower heights in a few
minutes (Pedersen et al., 2009).

ωp

ωp =
√(n0e/ε0me)

Figures  3 and 4 present  the  frequency  spectra  of  the  high-
frequency  Langmuir  wave  and  the  low-frequency  ion  acoustic
wave  during  different  periods  at  a  height  of  272.16  km.  High-
frequency spectra are calculated from the electron density, which
is the disturbance from the Langmuir wave. Low-frequency spectra
are calculated from the ion density, which is the disturbance from
ion acoustic waves. At 0−0.727 ms, the electron density spectrum
is  enhanced  at  5.5  MHz,  which  is  the  pump  wave  frequency.  No
obvious  enhancement  is  observed  in  the  ion  density  spectrum.
The  electron  density  spectrum  at  0−0.727  ms  demonstrates  that
the pump wave has  propagated into the reflection area but  that
the  PDI  has  not  been  excited,  which  is  consistent  with Figure  2.
Subsequently,  the  enhanced  spectrum  occurs  and  develops  at
0.727−2.182  ms  at  5.456  MHz,  which  is  the  plasma  frequency 
calculated by . At the same time, the ion density
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ωp

spectrum  is  slightly  enhanced  at  4−5.5  kHz  (see Figure  4).  The

corresponding  downshifted  high-frequency  enhancement  is

generated, but it is so slight as to be covered by the plasma oscil-

lation with frequency .

ωp = ωL + ωIA

At 2.1818−2.9091 ms  (Figure  3),  the  enhancement  at  about

5.495 MHz is significant. The waves with 5.495 MHz (Figure 3) and

4−5.5 kHz (Figure 4) demonstrate that the PDI is excited because

the  frequency  matching  condition  is  satisfied  ( ).  The

frequencies of  electron  and  ion  density-enhanced  spectra  corre-

spond with the Langmuir wave and the ion acoustic wave. There-

after,  both the electron and ion density  spectra  begin to expand

and the discrete spectrum becomes continuous,  which is  related

to the cascade process and cavitons.

Figure 5 shows the time evolution of the electron and ion spectra.
The process of Langmuir wave excitement and the cascade can be
observed  in  the  electron  density  spectrum.  The  high  frequency
expands  from  approximately  5.3  to  5.8  MHz.  This  shift  may  be
related  to  the  Langmuir  turbulence,  which  causes  an  intensive
disturbance  of  the  electron  density  and  an  expansion  of  the
plasma  frequency.  The  ion  acoustic  wave  frequency  is  less  than
10 kHz.

The  frequency  matching  condition  is  verified  in  this  process.  To
further  investigate  the  PDI  process,  the  wavevector  matching
condition is studied. Figure 6 shows the simulation results for the
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Figure 1.   The parallel electric field, electron density, and ion density in the region of z = 271.96−272.536 km at time t = 0.8 ms (left column) and t =

1.12 ms (right column).
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Figure 2.   Time evolution of the parallel electric field (Ez), electron density (Ne), and ion density (Ns).
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parallel  electric  field,  electron  density  at  the  fast  timescale,  and
ion  density  at  the  slow  timescale  (left  column),  as  well  as  the
corresponding  space  spectra  (right  column)  in  the  region z =
272.24−272.32  km  at t =  1.60  ms.  The  standing  wave  pattern  of
the parallel electric field is obviously distorted but still visible. This
result  demonstrates  that  the  Langmuir  wave  is  excited  in  the
region z = 272.24−272.32 km because of the PDI excitement. The
small-scale structures of electron density and ion density are also
excited.  The  space  spectrum  in  the  right  column  illustrates  that
significantly enhanced spectra of the parallel electric field, electron
density,  and  ion  density  are  at  similar  wavenumbers,  which  are
concentrated  at kL =  14  rad/m.  Near  the  reflection  height,  the

wavevector  of  the  pump  wave  is  almost  zero.  Therefore,  the

wavevector matching condition becomes k1 = −k2, where k1 is the

Langmuir wavenumber kL and k2 is the ion acoustic wavenumber

kIA. The enhanced spectrum at a similar wavenumber corresponds

with the wavevector matching condition.

Figure  7 shows  the  simulation  results  in  a  similar  scheme  as

Figure 6 but at t = 1.82 ms. Here, the amplitude of small structures

increases  more  significantly  than  in Figure  6 and  the  standing

wave pattern is almost quenched. The maximum amplitude of the

parallel  electric  field  reaches  about  50  V/m.  The  spectrum  at k =

2 kIA is enhanced, which is the spectral feature of the cascade. The
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Figure 3.   Frequency spectrum of the high-frequency Langmuir wave during different time periods.
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spectrum  enhancement  at k =  2 kIA illustrates  that  the  daughter

ion acoustic  wave is  generated and the secondary PDI is  excited.

However, it is difficult to explain by the WTA and SLT theories why

the  daughter  ion  acoustic  wave  is  stronger  than  the  primary  ion

acoustic  wave.  Before  researching  this  spectral  feature,  further

development of  the PDI  is  shown. Figure 8 shows the simulation

results  in  a  similar  scheme as Figures  6 and 7 but  at t =  2.18 ms.

The  maximum  amplitude  of  the  parallel  electric  field  reaches

approximately  90  V/m,  and  the  amplitudes  of  the  oscillations  of

electron and ion density grow to more than 10% of the background

density. The strong cavitons have a much wider spectrum, so the

enhanced  spectrum  shown  in  the  right  column  of Figure  8

expands into more extensive wavenumbers.  The spectrum at k =
2 kL is still much more enhanced.

Figures 6 to 8 present three stages in the PDI  process.  The initial
PDI stage refers to the enhanced spectrum at a single wavenum-
ber,  which  corresponds  to  the  first  decay  from  the  pump  wave
into  a  Langmuir  wave  and  an  ion  acoustic  wave,  as  shown  in
Figure  6.  The  Langmuir  wave  grows  and  then  decays  into  the
Langmuir  sideband  and  acoustic  wave  as  a  pump  wave.  It  will
continue  to  cascade  through  the  PDI  process  if  the  Langmuir
wave generated exceeds the instability  threshold.  This  process  is
the cascade stage, and the enhanced spectrum is concentrated at
discrete  wavenumbers,  as  shown  in Figure  7.  The  final  stage  is
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Figure 4.   Frequency spectrum of the low-frequency ion acoustic wave during different time periods.

Earth and Planetary Physics       doi: 10.26464/epp2022043 479

 

 
Liu MR and Zhou C et al.: Langmuir turbulence in ionospheric heating

 



strong Langmuir turbulence generation, where the enhancement
expands  into  a  continuous  spectrum,  as  shown  in Figure  8.  The
ion  caviton  collapses  and  gives  rise  to  a  continuous  spectrum
enhancement.

Figure  9 shows  simulation  results  of  the  time  evolution  of  the

wavenumber  spectrum  for  the  parallel  electric  field,  electron

density,  and  ion  density  in  the  region  of z =  272.22−272.30  km

(upper row) and z = 272.48−272.54 km (bottom row). Three stages

in the PDI process can clearly be observed. In the initial PDI stage

and cascade stage, the discrete spectra of electron density and ion

density satisfy the wavevector matching condition. The enhanced

wavenumber is different in these two areas because of the different

plasma  densities.  In  the  strong  Langmuir  turbulence  stage,

enhancements  expand  into  a  full  continuous  spectrum.  This

nonlinear process is accompanied by evolution of the ion caviton,

which increases to be comparable to the background ion density.

 4.  Discussion
The  frequency  and  wavevector  matching  condition  in  the  PDI

process  is  studied.  The  PDI  process  can  be  divided  into  three

stages:  the  initial  PDI  stage,  the  cascade  stage,  and  the  strong

Langmuir  turbulence  stage.  In  the  initial  PDI  stage,  the  high-
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Figure 5.   Simulation results of the time evolution of the electron and
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Figure 6.   Simulation results of the wavenumber spectrum of the parallel electric field, electron density, and ion density at t = 1.6 ms.
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frequency  pump  wave  decays  into  a  Langmuir  wave  and  an  ion

acoustic wave. In ionospheric heating experiments,  down-shifted

high-frequency-enhanced  plasma  lines  and  high-frequency-

enhanced ion  lines  observed  by  the  incoherent  scattering  tech-

nique  demonstrate  that  the  PDI  process  is  excited  when  the

frequency  and  wavevector  matching  condition  is  satisfied.  After

the  Langmuir  wave  is  excited,  the  spectrum  is  enhanced  at

wavenumbers  smaller  than  that  of  the  Langmuir  wave,  which  is

consistent  with  the  WTA  theory  (Kadomtsev,  1965; Tsytovich,

1970; Davidson  et  al.,  1972).  The  Langmuir  wave  excited  by  the

PDI  process  can  grow  rapidly.  If  the  amplitude  of  the  Langmuir

wave  reaches  the  threshold  of  PDI,  the  Langmuir  wave  can

become a pump wave and decay into a daughter Langmuir wave

and  an  ion  acoustic  wave.  This  decay  process  can  be  excited

several times to generate a number of discrete cascade lines. The

discrete  enhanced  spectrum  agrees  with  the  results  of  previous

numerical  analyses  (Fejer  and  Kuo  YY,  1973; Kruer  and  Valeo,

1973; Perkins et al., 1974).

Our  simulation  results  show  that  the  PDI  is  excited  and  that  an

initial PDI stage and a subsequent cascade stage are generated. In

the initial  PDI stage,  the high-frequency waves at 5.495 MHz and

low-frequency  wave  at  approximately  4.5  kHz  are  generated  at

272.16  km,  which  demonstrates  that  the  frequency  matching

condition  is  satisfied.  For  the  wavenumber  spectrum,  the

enhancements of both the electron and ion density spectra at k =

14  rad/m  from  272.22  to  272.30  km  prove  that  the  wavevector

matching condition is satisfied, namely, that the matching condi-

tion in the PDI process is verified. The spectrum at smaller k than

the Langmuir wavenumber is enhanced as well, which is consistent

with the WTA theory (Hanssen et al., 1992).

The enhanced space spectrum at kL = 14 rad/m demonstrates that

a  small-scale  (0.4488 m)  disturbance  is  generated  and  that  the

disturbance  will  grow  to  irregularities,  which  is  consistent  with

prior observations (Inhester et al., 1981; Blagoveshchenskaya et al.,

2011).  The  scales  of  disturbance  vary  at  different  heights.  For

example, as shown in Figure 9, the initial spectrum is enhanced at

a  smaller  wavenumber  in  the  bottom  row  than  the  upper  row

because  the  plasma  density  is  nonuniform  at  various  altitudes.

Here,  we  give  the  theoretical  frequency  and  wavenumber  of  the

Langmuir  and  ion  acoustic  waves  early  in  the  linear  process,

which is a function of the plasma density and temperature. In the

first PDI process, the frequency matching condition is as shown in

Equation (10): √
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2
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Figure 7.   Simulation results of the wavenumber spectrum of the parallel electric field, electron density, and ion density at t = 1.82 ms.
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√
ω2

pe +
3
2
k2
Lv

2
th = ωL kIACs = ωIA

vth
vth =

√
2kBTe/me

k = ∣kL∣ = ∣ − kIA∣
where  and  is the Langmuir wave and

acoustic  dispersion  relation,  and  the  is  calculated  by

. Near the reflection point, the pump wavevector is

almost  zero,  so  let .  Equation  (10)  can  be  solved

and the wavenumber k can be obtained by Equation (11):

k =
−2ω0Cs +

√
6v2

th(ω2
0 − ω2

p) + 4C2
sω

2
p

6v2
th − 2C2

s
. (11)

In addition, the frequencies of the Langmuir wave and ion acoustic

wave can be obtained by Equation (12):⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
fL =

√
ω2

p + k2v2
th

2π ,

fIA =
kCs

2π .

(12)

According  to  Equations  (11)  and  (12),  the  theoretical  Langmuir
wave and ion acoustic wave frequency at 272.16 km is 5.4955 MHz
and  4.47  kHz,  which  is  consistent  with  the  simulation  results
shown in Figures 3 and 4. The theoretical wavenumber of the two
waves  can  be  calculated  as  13.21−14.82  rad/m  between  272.30
and 272.22 km and 6.54−8.65 rad/m between 272.54 and 272.48
km, which is consistent with the simulation results in Figure 9. The
wavenumber k decreases  with  altitude,  whereas  the  plasma

temperature  is  constant  and  the  density  increases  with  altitude.
The disturbance is about meter scale.

The cascade process  in  Langmuir  parametric  instability  has  been
investigated in several studies. The maximum number of cascade
lines is  five,  as observed by EISCAT (Westman et al.,  1995).  In our
simulation results, the wavenumber spectrum shows the cascade
process. A  discrete  spectrum enhancement  occurs  in  the  simula-
tion results.  The question arising from the spectral feature is that
the spectrum at k = 2 kL is much more enhanced than that at k = kL,
which is not consistent with the WTA prediction. Caviton formation
is  the  most  likely  cause  of  this  spectral  feature. Figure  10 shows
the z-direction electric field, ion density, and corresponding spec-
trum  between  272.288  and  72.29  km  at 1.6727 ms  (black  lines)
and 1.7091 ms  (red  lines).  Enhancements  of  both  the  Langmuir
wave and the acoustic wave at k = 14.16 rad/m illustrate that the
primary PDI wavevector matching condition is satisfied. The Lang-
muir  wave spectral  enhancement at k = 13.35 rad/m and the ion
acoustic  wave spectral  enhancement  at k = 27.67 rad/m demon-
strate  that  the  cascade  is  excited  because  the  secondary  PDI
wavevector matching condition is  satisfied.  At t = 1.6727 ms,  the
cascade  line  of  the  ion  acoustic  wave  distorts  the  sinusoidal  ion
density.  The  negative  ion  density  becomes  sharp,  narrow,  and
large, which manifests as the ion density developing into cavitons.
The ratio of the cascade ion line amplitude to the primary ion line
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Figure 8.   Simulation results of the wavenumber spectrum of the parallel electric field, electron density, and ion density at t = 2.18 ms.
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amplitude increases  from 1/10 at 1.6727 ms to  1/3  at 1.7091 ms,
which leads to a sharper and larger negative ion density. The cavi-
tons  become  deeper,  which  can  trap  the  electric  field. Figure  10
indicates  that  caviton  formation  may  be  related  to  the  cascade
process.  The  superposition  of  a  monochromatic  wave  and  the
second  harmonics  can  form  a  caviton-shaped  wave  once  their
phase difference is −90° under the large energy of the pump wave.
The  cascade  line  at  double kL induces  the  development  of  ion
density  into  cavitons,  which  trap  the  electric  field  and  enhance
the ponderomotive force.  The cavitons then become deeper and
collapse or burn out, and a strong Langmuir turbulence is excited.
That  is,  the  cascade  process  can  induce  or  accelerate  caviton
formation and strong Langmuir turbulence excitation.

Our results present the initial PDI stage and cascade stage in detail,
both of which agree with observation results.  The frequency and
wavevector  matching  conditions  are  evident  in  the  first  two
stages.  The  WTA  theory  is  valid  in  the  initial  PDI  stage  and  the
cascade process (Hanssen et al., 1992) except that the ion cascade
line is more enhanced than the primary PDI ion line. DuBois et al.
(1988, 1990)  and Hanssen  et  al. (1992)  presented  the  SLT  theory
based on the WTA theory. DuBois  et  al. (1993)  observed that  the
SLT  theory  and  WTA  theory  are  applied  to  different  areas,  which
means  the  cascade  process  and  strong  Langmuir  turbulence
induced  by  cavitons  are  excited  at  different  altitudes.  The  area
where strong Langmuir turbulence occurs is closer to the O-mode
wave  reflection  point. DuBois  et  al. (1991, 1993)  also  presented

the coexistence of  cascade turbulence and caviton turbulence at
certain altitudes,  and they infer these types of turbulence can be
attributed to the downward propagation of cavitons. Our simula-
tion results show that the ion cascade lines can induce or accelerate
the  formation  of  cavitons  and  that  this  process  may  depend  on
the phase difference between the primary acoustic wave and the
cascade acoustic wave. This result provides a potential explanation
for caviton generation as a complement to the current SLT theory
for caviton  generation  in  the  area  where  PDI  and  caviton  turbu-
lence  coexist  (DuBois  et  al.,  1991).  Our  simulation  results  also
show the continuously  enhanced spectrum in the full  wavenum-
ber, and this result is closer to the saturation spectrum in observa-
tions  (Hanssen  et  al.,  1992),  which  demonstrates  that  a  caviton
collapse and strong Langmuir turbulence occurs. The ion cavitons
grow  to  be  comparable  to  the  background  ion  density,  which
invalidates the linear theory. In ionospheric heating experiments,
an  airglow  enhancement  has  been  observed  (Sipler  and  Biondi,
1976; Bernhardt  et  al.,  1989).  The  airglow  is  regarded  as  being
related  to  electron  acceleration  by  strong  Langmuir  turbulence
and a trapped electric field (Sipler and Biondi, 1976).

 5.  Summary
In the present study, we have investigated the evolution of Lang-
muir parametric instability and the generation of Langmuir turbu-
lence  in  ionospheric  heating  by  numerical  simulations.  We  have
especially  focused  on  the  analysis  of  frequency  and  wavevector
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Figure 9.   Simulation results of the time evolution of the wavenumber spectrum for the parallel electric field, electron density, and ion density in

the region of z = 272.22−272.30 km (upper row) and z = 272.48−272.54 km (bottom row).
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matching  conditions  by  using  simulation  results.  The  principal
conclusions are summarized as follows.

 5.1  Frequency and Wavevector Matching Condition in the

Initial Stage
Our simulation results demonstrate that PDI is  excited below the
O-mode  pump  wave  reflection  point  after  several  milliseconds.
The  PDI  occurs  earlier  at  high  altitudes  because  of  the  larger
amplitude of the standing wave pattern. The Langmuir wave and
acoustic wave, which both have a single frequency and wavevec-
tor,  are  generated  in  the  initial  PDI  stage.  The  simulation  results
verify that the frequency and wavevector matching conditions are
satisfied. The Langmuir wave and ion acoustic wave have different
frequencies  and  wavenumbers  at  different  altitudes.  The
frequency  and  wavenumber  are  functions  of  the  plasma  density
and temperature. The simulation results show that the ion acoustic
wave frequency is at a kilohertz scale and that the disturbance of
plasma is at meter scale in the initial PDI stage. The analytical solu-
tion of the theoretical Langmuir and ion acoustic wave frequency
and wavenumber are obtained by solving the matching condition
combined  with  dispersion  equations.  The  theoretical  results  are
consistent with the simulation results.

 5.2  Cascade Lines
A  cascade  occurred  in  our  simulation  results.  After  the  first  PDI

process was excited, the Langmuir wave grew. Subsequently, the

wavenumber  spectrum  was  enhanced  at  an  integer  multiple  of

the Langmuir wavenumber excited in the first PDI process one by

one in simulation results. The results show the process of discrete

spectrum generation, namely, the cascade process. Our results are

consistent  with  the  numerical  analysis  of Body  and  Sanderson

(2003). The cascade has been observed in many ionospheric heat-

ing  experiments,  and  the  simulation  results  are  consistent  with

these observations.

k′IA = −2kL

k′IA = −2kL

In  the  cascade  stage,  the  secondary  PDI  is  excited  and  the  ion

density  spectrum at  is  enhanced.  The  cascade acoustic

wave may induce or accelerate the formation of cavitons, in which

the phase difference is important. The formation of cavitons leads

to a more enhanced spectrum at .

 5.3  Caviton Collapse and Strong Langmuir Turbulence
The simulation results in this study show that both the frequency

and wavenumber spectrum expand extensively after the cascade

stage. The  discrete  spectrum  develops  into  a  continuous  spec-
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Figure 10.   The z-direction electric field, ion density, and corresponding spectrum between 272.288 and 272.29 km at 1.6727 ms (black line) and

1.7091 ms (red line).
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trum,  which  indicates  Langmuir  turbulence  excitation.  Caviton
collapses can also be found in our simulation, and small irregulari-
ties at 10 cm to 1 m scales are generated.
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