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Key Points:
e The influence of kappa distributions on the Alfvén-cyclotron instability under different plasma conditions is investigated in detail.
¢ An analytic scaling formula for dimensionless maximum growth rates is derived.
e The fitted growth rates agree well with the solutions to kinetic theory for various sets of spectral indexes and high-temperature
anisotropy Anp and plasma beta B, values of hot protons.
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Abstract: The particle velocity distribution in space plasma usually exhibits a non-Maxwellian high-energy tail that can be well modeled
by kappa distributions. In this study, we focus on the growth rates of the Alfvén-cyclotron instability driven by ion temperature
anisotropy in a kappa plasma. By solving the kinetic linear dispersion equation, we explore the sensitivity of growth rates to the spectral
index k of a bi-kappa distribution under different plasma conditions, including a variety of plasma beta Brp and temperature anisotropy
App Values of hot protons. Furthermore, a concise, analytic scaling formula is derived that relates the dimensionless maximum growth rate
to three independent variables: the spectral index and the plasma beta and temperature anisotropy of hot protons. Our results show that
as the k-value increases, the instability bandwidth narrows and the maximum growth rate increases significantly. For higher g, , and Ay,
the maximum instability undergoes a sharp increase as well. When our fits of dimensionless maximum growth rates are compared with
solutions to kinetic linear dispersion theory, the results generally exhibit good agreement between them. Especially under the
circumstances of large k-values and high g,, and A, the scalings of maximum growth rates primarily accurately model the numerical
solutions. Our analytic expressions can readily be used in large-scale models of the Earth’s magnetosphere to understand wave
generation due to the Alfvén-cyclotron instability.
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1. Introduction

The Alfvén-cyclotron instability is driven by the temperature
anisotropy of ions with 7, /T > 1, where T, and T} are perpendic-
ular and parallel temperatures of ions with respect to the ambient
magnetic field (Gary, 1993). Linear dispersion theory of the Alfvén-
cyclotron instability indicates that the free energy from hot ions
excites enhanced electric and magnetic fluctuations at frequencies
below ion gyrofrequency with positive growth rates. The growth
rates generally maximize at parallel propagation (kx B, =0,
where k is the wave vector, and By is the ambient magnetic field;
Cornwall, 1965). The enhanced electromagnetic fluctuations at a

frequency below the ion gyrofrequency are often termed electro-
magnetic ion cyclotron (EMIC) waves (Liu KJ et al, 2010; Min K
etal., 2016; Gary et al., 2017).

Many processes are capable of affecting the dynamic equilibrium
of the magnetosphere (Lu HY et al., 2013; Ni B et al., 2016; Su ZP
et al, 2016; Hao YQ et al., 2017; Yu YQ et al., 2022). Among these
mechanisms, numerous studies have stressed the importance of
EMIC waves to the magnetospheric particle dynamics. Via
cyclotron resonant interactions, EMIC waves are capable of rapidly
losing the radiation belt electrons, leading to electron dropout in
the radiation belts and efficiently precipitating ring current
protons into the loss cone, emitting proton auroras at subauroral
latitudes (Cornwall et al, 1970; Thorne and Kennel, 1971;
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Lou YQ et al., 2021). Moreover, EMIC waves can heat cold electrons
and heavy ions and result in the scattering loss of central plasma
sheet protons (Thorne and Horne, 1997; Lu Q et al,, 2007; Zhang
JCetal, 2010; Zhou QH et al,, 2013; Liang J et al., 2014; Cao X et al,,
2016; Chen H et al, 2018; Kitamura et al.,, 2018; Zhu MH et al,,
2021). It has also been reported that by means of bounce-reso-
nance, EMIC waves can transport near-equatorial mirror electrons
to lower pitch angles (Shprits, 2009; Cao X et al., 2017b).

Estimating the resonant wave-particle interactions is vital for the
understanding of magnetospheric particle dynamics, which
requires accurate global distribution information on the wave
properties. Typically, statistical models are used to provide global
wave maps, which generally yield the averaged wave parameters
at given locations and geomagnetic disturbed levels. However,
many localized, transient features might be smoothed because of
the nature of statistics. Recent studies have shown that observa-
tions can be quite different from the statistical value for a specific
event (Meredith et al., 2014; Fu XR et al., 2016; Yu YQ et al., 2022).
Therefore, a few studies explored inferring wave properties by
using particle information and plasma conditions. This hypothesis
was first applied to wave instability. For instance, Blum et al. (2009)
modeled the instability of EMIC waves by linear dispersion theory
with plasma data from the Los Alamos National Laboratory
Magnetospheric Plasma Analyzer. Bortnik et al. (2011) scaled the
saturation wave amplitude and saturation time as a function of
hot proton density and thermal anisotropy. The excitation and
propagation effects were further investigated by Kang N et al.
(2021), which confirmed the importance of temperature
anisotropy. Fu XR et al. (2016) expanded the scaling research to
four-dimensional parameter space and derived a scaling formula
that related the saturation EMIC wave amplitude to initial plasma
conditions. Additionally, they built an analytic connection
between the saturation wave amplitude and the maximum linear
growth rate. Further, Gary et al. (2017) obtained scaling relations
for the maximum growth rate, the corresponding real frequency,
and the saturated fluctuating magnetic field energy density.

However, the scaling relations for the Alfvén-cyclotron instability
are generally performed in a bi-Maxwellian plasma. In a variety of
space plasmas, particle velocity distributions possess a non-
Maxwellian high-energy tail that can be well fitted by the kappa
distribution (Christon et al., 1988; Summers and Thorne, 1991;
Livadiotis, 2015). Furthermore, it has been reported that the pres-
ence of a high-energy tail on the particle distribution would result
in a modification of the wave dispersion relation and growth rates
of the Alfvén-cyclotron instability (Xue S et al., 1996; Chaston et al.,
1997; Xiao FL et al., 2007; Zhou QH et al., 2012; Cao X et al., 2020b).
The scalings of the Alfvén-cyclotron instability in a kappa plasma
still lack comprehensive study.

In the present study, we aim to yield scaling relations for Alfvén-
cyclotron instability growth rates in a bi-kappa plasma by using
linear dispersion theory. The outline of this work is organized as
follows: We introduce the kinetic linear dispersion relation of the
Alfvén-cyclotron instability in a kappa plasma in Section 2. In
Section 3, we analyze the numerical results of the linear growth
rates and derive analytic expressions for the scaling of dimension-

less maximum growth rates as functions of the spectral index and
the plasma beta and temperature anisotropy of hot protons. We
discuss the results and summarize the conclusions in Section 4.

2. Kinetic Linear Dispersion Relation in a Bi-kappa
Plasma

Space plasmas that possess a non-Maxwellian high-energy tail

can be well modeled by the bi-kappa distribution function

(Summers and Thorne, 1991; Xiao FL et al, 2007; Cao X et al.,

2020b) with the form of
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where ns is the number density of particle species s; k is the
spectral index of the kappa distribution; " is the gamma function;
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respectively, are the parallel and perpendicular thermal speed
with respect to the uniform ambient magnetic field, where T,
and T, are temperatures parallel and perpendicular to the ambient
magnetic field, respectively, and m; is the rest mass of particles.
Note that the spectral index k has a maximum value of infinity and
a minimum value of 3/2 (Livadiotis, 2015). As the spectral index of
the kappa distribution k- oo, the distribution reduces to a
Maxwellian distribution. Consequently, the kappa distribution is a
generalization of the Maxwellian distribution.

The Alfvén-cyclotron instability growth rates from solutions of the
kinetic linear dispersion equation maximize at waves propagating
parallel or antiparallel to the magnetic field. Assuming that the
space plasmas can be modeled by bi-kappa distributions, the
linear dispersion equation for parallelly propagating electromag-
netic waves (Summers and Thorne, 1991; Xiao FL et al., 2007; Cao

X et al.,, 2020b) is defined by
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where w = w, + iy is the complex wave frequency, where the real
part w, is the real frequency and the imaginary part y is the
growth rate; k; is the wave number; ¢ is the speed of light; w,, is
the plasma frequency of particles denoted by w, = \/m
where € is the vacuum dielectric constant and g, is the particle
charge; A;=T,,/Tj;—1 is the temperature anisotropy; =
q:Bo/m, is the particle gyrofrequency; Z* is the modified plasma

dispersion function; and ¢, = [(k - 1) /k]'/? (%Q‘)
IIs

3. Numerical Results

Following previous studies (e.g., Gary et al,, 2017), we use a cold,
isotropic component (denoted by subscript ¢) and a hot,
anisotropic component (denoted by subscript hp) represented as
kappa velocity distributions to model the proton distributions in
the magnetosphere. A cold, isotropic component with n, =
ne + npy, Te = T, is adopted to ensure quasi-neutrality. The temper-
ature of cold components is set to be T, = T,,/3000, Tjjp, /T > 11s
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adopted to avoid the influence of cold protons, and the hot
proton abundance is ny,/n, = 10%. In the initial condition, the
temperature anisotropy of hot protons Ay, is set to be 2, and the
plasma beta of hot protons g,, = 81N, T/ Bs 15 0.5.

Figure 1 shows Alfvén-cyclotron instability growth rates as a func-
tion of wave numbers for different spectral indexes k (k = 2, 3, 5,
and Maxwellian distribution [k = o], respectively), where the
growth rates are normalized to the proton gyrofrequency and the
wave numbers are normalized by a factor of Q,/v, (where v, is
the Alfvén speed). Figures 1a-1d exhibit the results at A,,=1, 2,3,
and 4, respectively, and Figures 1e-Th exhibit the results at g, ,=
0.25, 0.50, 1.0, and 2.5, respectively. As shown in Figure 1, for an
increasing spectral index k, the upper limit of unstable wave
numbers due to the Alfvén-cyclotron instability remains almost
unaffected, whereas the lower limit rises to a higher wave number,
resulting in a narrower instability bandwidth. The growth rates
decrease slightly for an increasing k-value near the lower limit of
the instability bandwidth but immediately exhibit a reverse
tendency of moderate enhancement for an increasing k-value at a
larger wave number. Furthermore, the maximum growth rates
indicate a modest intensification as well with an increase in the
spectral index. This intensification exaggerates as the temperature
anisotropy of hot protons A,, grows. Moreover, the growth rates
increase sharply for a rising A,,, with the maximum growth rates
increasing by a factor of approximately 4-5 for all the k-values
investigated from A,,= 1 to A,,= 4. In addition, the lower (upper)
boundary of the instability bandwidth expands to a lower (higher)
wave number at a higher A,,. However, the upper limit of the
instability wave numbers still remains almost unchanged for
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different spectral indexes. As for the plasma beta of hot protons
Bhps similar to the temperature anisotropy, an increasing k-value
results in a broader bandwidth and a greater maximum growth
rate. The increase in g,, corresponds to a dramatic enhancement
in growth rates, especially for the peak growth rates. The lower
limit of the instability extends significantly to a smaller wave
number. But the upper limit decreases slightly with an increasing
Bp» Which is opposite with Ay,

Figure 2 shows the ratio of maximum growth rates in a bi-kappa
distribution to that in a bi-Maxwellian distribution y,, /y,,, (here-
after referred as the “dimensionless maximum growth rate”) with
the solutions to the linear dispersion relation represented by red
dots as a function of the spectral index k for different temperature
anisotropy A, (Figures 2a-2d) and plasma beta p,, values
(Figures 2e—2h). The relation between dimensionless maximum
growth rates and the spectral index exhibits a trend analogous to
the inverse proportional function. As a consequence, we assume
the functional form

Ym/Ym,M =1- h] ‘ K_hzl (3)
and the resulting values of the fitting parameters h; and h; are
given in Table 1. Using the numbers in this table, we find that h;

and h, can be well fitted as functions of A,, and Brp with the

following functions:
hi = &An " By, + €13, (4a)

hy = €2An," Bpp - (4b)

Further fits of the linear dispersion theory results to the forms of
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Figure 1. Linear growth rates normalized to the proton gyrofrequency as a function of wave numbers for the Alfvén-cyclotron instability in a

plasma with a bi-kappa velocity distribution for (a—d) the four indicated temperature anisotropy values of hot protons (4,,=1, 2, 3, and 4) at a

fixed plasma beta g,, = 0.5 and (e—h) the four indicated plasma beta values of hot protons (g,, = 0.25,0.50, 1.0, and 2.5) at a fixed temperature
anisotropy A,,= 2. The black, blue, cyan, and red curves represent growth rates for the spectral index k = 2, 3, 5, and Maxwellian distribution

(k = ), respectively.
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Figure 2. Ratio between maximum growth rates in a bi-kappa plasma and in a bi-Maxwellian plasma as a function of the spectral index k for

(a—d) the four indicated temperature anisotropy values of hot protons (A,, =1, 2, 3, and 4) at a fixed plasma beta g,,= 0.5 and (e-h) the four
indicated plasma beta values of hot protons (g,,=0.25,0.50, 1.0, and 2.5) at a fixed temperature anisotropy A,,= 2. The red dots represent the
dimensionless maximum growth rates of the Alfvén-cyclotron instability derived from solving the kinetic linear dispersion equation, and the black

curves correspond to the scaling of dimensionless maximum growth rates derived from Equation (3) with Equations (4a) and (4b).

Table 1. The fitting parameters h; and h; of Equation (3) as obtained from solutions of the linear dispersion relation for the maximum growth
rates of the Alfvén-cyclotron instability for the parameters Ax, and By, as given.

Brp = 0.1 Brp = 0.25 Brp = 0.5 Brp = 1.0 Brp = 2.5 Bhp = 5.0
App =1 1.3090 1.3056 1.2595 1.2009 1.0994 0.9925
Anp =2 12711 1.2054 1.1447 1.0643 0.9289 0.8005
n App =3 1.2032 11347 1.0630 0.9780 0.8323 0.7028
Anp = 4 1.1475 1.0786 1.0069 0.9185 0.7620 0.6380
App =1 1.3689 1.3854 1.4230 1.4758 1.5708 1.6510
App=2 14142 14747 1.5248 1.5784 1.6689 1.7297
& App =3 14631 1.5284 15767 1.6418 1.7252 1.7696
Anp = 4 14918 1.5645 1.6213 1.6916 1.7644 1.7876

Equations (4a) and (4b) in the ranges 1<A,, <4 and 0.1=
By < 5.0 yield the following results:

& =042, &, =036, £, =022, &3 =16; & = 1.5,

(5
&1 =0.08, &, =0.05.

The black curves in Figure 2 demonstrate the scalings for the
Alfvén-cyclotron instability when using Equation (3) with Equations
(4a) and (4b). As shown in Figure 2, the dimensionless growth
rates y,,/y,,» Minimize at small k-values. Subsequently, y,,/y,, v
rises substantially and generally stabilizes at ~1 at large k-values.
As Ay, and B, increase, the dimensionless maximum growth
rates at small k-values undergo a significant increase, whereas
those at large k-values exhibit negligible responses to the varia-
tions in plasma parameters. When we compare the solutions to
the kinetic linear dispersion equation with the scaled instability

evaluated by Equation (3) for the temperature anisotropy and
plasma beta values indicated, our fits present good agreement
with the numerical solutions. Specifically, the scalings give the
best performance for large k-values, namely, k > 40. In addition,
the fitting tends to exhibit better consistency with numerical
results for higher A, and Bpp- As illustrated in Figures 2a—2d, at
App=1, the scaling slightly overestimates the numerical maximum
growth rate at k = 2, whereas for A,,= 3, this overestimation is
fixed. Our fits also replicate the numerical growth rates more
accurately at intermediate k-values (k = ~5-40), but for k = ~3-5,
the fits become marginally greater than the numerical results at
higher A,,. Regardless of the A, the scalings generally precisely
model the numerical dimensionless maximum growth rates at a
large spectral index. As for the dependence of scaling on the
plasma beta, the results exhibit a pattern similar to that with A,,.
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Figure 3 displays the dimensionless maximum growth rates
derived from the kinetic linear dispersion equation (symbols) and
Equation (3) (dashed lines) as a function of plasma beta g, for the
labeled spectral indexes. As shown in the figure, as g, increases,
the dimensionless maximum growth rates increase steadily,
showing a linear relation to Bhp- As the k-value rises from 2 to 10,
the enhancements corresponding to increasing g, generally slow
down, with the slope of the red dashed lines declining to nearly 0.
For increasing A, (i.e, Figures 3a—3d), the dimensionless maxi-
mum growth rates generally undergo an enhancement. For low
Bhpr Ym!Ymum increases moderately for the growing temperature
anisotropy, whereas for high g,,, the increase becomes milder.
Therefore, it results in a flatter curve that relates the dimensionless
maximum growth rates to plasma beta at higher A,. For increasing
k-values, the enhancements of y, [y, ,, attributable to increasing
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Ap, generally diminish for all the indicated p,,. Regarding the
performance of our scalings, the fits slightly overestimate the
growth rates at intermediate B,,. However, the difference
between the modeled results and the numerical solutions tends
to dampen and become primarily consistent for higher Ay,,. As for
larger k-values, the fits provide better efficiency in accurately
modeling the numerical dimensionless maximum growth rates.
Under all indicated Ay, the scalings of the Alfvén-cyclotron insta-
bility generally present good agreement with solutions to the
linear dispersion equation, with slightly better agreement at
higher Aj,,.

We investigate the performance of our fits in modeling numerical
dimensionless maximum growth rates under different plasma
beta values (Figures 4a—4d) with respect to the varying tempera-
ture anisotropy values for the four labeled spectral indexes in
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Figure 3. Normalized maximum growth rates as a function of plasma beta g, for different temperature anisotropy values (4,,= 1, 2, 3, and 4,

respectively). The symbols indicate solutions to the kinetic linear dispersion equation, and the dashed lines indicate the fitted growth rates

evaluated by Equation (3). The black, blue, cyan, and red lines and symbols represent the results of the spectral index k= 2, 3, 5, and 10,

respectively.
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Figure 4. Similar to Figure 3, as A, increases, y, [y, increases
substantially. Furthermore, for larger k-values, y,,/y,,, becomes
close to 1, with growth rates increasing more significantly at low
App and becoming milder for high Ay,. As B, increases, y,, /v,y
increases uniformly for different A,,. For the fits, our results
slightly overestimate the dimensionless maximum growth rates at
K = 2, which are subsequently corrected at higher g,,. It is note-
worthy that our fits generally accurately model the numerical
dimensionless maximum growth rates, especially for large k-
values and high g, .

4, Discussion and Conclusions

In this study, our scaling formula provides the growth rate of the
Alfvén-cyclotron instability in a bi-kappa plasma normalized to
that in a Maxwellian distribution. Since Gary et al. (2017) yielded

the growth rate in a Maxwellian distribution, the value of the
Alfvén-cyclotron instability growth rate can be readily obtained
by combining Equation (4) in our work and Equation (8) in Gary
et al. (2017). Therefore, in an event study, the formula can be used
to estimate the growth rate with only the measurements of
plasma parameters (e.g., plasma beta, temperature anisotropy).
Likewise, the formula can be used in large-scale models of the
Earth’s magnetosphere to provide global wave instability maps
attributable to the Alfvén-cyclotron instability, which may help
deepen the understanding of the statistical features of global
wave distributions (i.e., for wave occurrence and strength, or
others).

In addition to the temperature anisotropy and plasma beta, the
fractional density of hot protons to the electron density Np,/Ne is
another important parameter that might significantly affect the
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Figure 4. Normalized maximum growth rates as a function of temperature anisotropy A, for different plasma beta (8,,=0.25, 0.50, 1.0, and 2.5,
respectively). The symbols indicate solutions to the kinetic linear dispersion equation, and the dashed lines indicate the fitted growth rates
evaluated by Equation (3). The black, blue, cyan, and red lines and symbols represent the results of the spectral index k=2, 3, 5,and 10.
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instability growth rates. Therefore, we investigate the sensitivity
of dimensionless maximum growth rates to the hot proton abun-
dance Njp/Ne under different App (Figures 5a-5d), and Bhp (Figures
5e-5f) at four specific spectral indexes k = 2, 3, 5, 10 (represented
by symbols in each subplot). Figure 5 shows that although
Ym/Ymu Undergoes a moderate increase with increasing plasma
parameters A,, and B, the dimensionless maximum growth
rates of the Alfvén-cyclotron instability are relatively insensitive to
the variations in Npp/Ne. Especially for a large k-value (k = 10),
Ym/Ymum FeMains almost unchanged for increasing the abundance
of hot protons. Consequently, in this study, for simplicity, the hot
proton abundance is not incorporated into the scaling of the
Alfvén-cyclotron instability.

Our adoption of purely hot protons, cold protons, and electrons
for modeling the particle distributions in space plasma is an ideal-
ized assumption. Heavier ions, such as Het and O*, occupy a
nonnegligible portion of magnetospheric particles, and the abun-
dance of heavy ions can be highly dynamic during geomagnetically
active conditions. The presence of heavy ions and the variation in
the ion compositions could dramatically modify the dispersion
relation and corresponding growth rates of the Alfvén-cyclotron
instability in a kappa plasma. Therefore, in the scaling of instability
growth rates, we would consider incorporating the heavy ions
and investigating the performance of our fits under different
conditions of heavy ion abundance in a future study. In addition,
because oblique EMIC waves are often observed and can signifi-
cantly affect the particle scattering (Ni BB et al., 2015; Min K et al.,
2016; Cao X et al., 2019), the scaling of oblique EMIC waves would
be our future work.

In this study, by solving the kinetic linear dispersion equation in a
bi-kappa plasma, we explore the response of Alfvén-cyclotron
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instability growth rates to variations in the spectral index of the bi-
kappa distribution under different plasma conditions (i.e., the
temperature isotropy and plasma beta of hot protons). Moreover,
linear theory yields scaling relations for the dimensionless maxi-
mum growth rates. Our results indicate that as the k-value
increases, the instability bandwidth of the wave number narrows.
To some extent, this result also represents a narrowing of the
bandwidth of wave frequency spectra. In addition, the maximum
growth rate increases monotonically with a rising k-value. As ,,
and A, increase, the maximum growth rate undergoes a notice-
able enhancement owing to more free energy contributed to driv-
ing the instability. Scaling relations are expressed by relatively
concise, analytic formulas, which are functions of the spectral
index k and the temperature anisotropy A, and plasma beta g,
of hot protons. The results show that our fits present good agree-
ment with the numerical solutions to linear dispersion theory with
acceptable error. The fits tend to overestimate the growth rates at
small k-values for low g, , and A,,, which are corrected at higher
Br, @nd A, In general, our fits are capable of accurately modeling
the numerical solutions, especially for large k-values and high g,
and Ay,.

In addition, similar to the excitation of Alfvén-cyclotron instability
due to the proton temperature anisotropy, whistler waves are
generally excited by the electron temperature anisotropy (Xiao F
et al,, 2006; Lu Q et al,, 2010; Ni B et al., 2016). Previous studies
show that in a kappa plasma, the increasing of spectral index k
and plasma beta of energetic electrons provide favorable condi-
tions for the excitation of whistler waves (Xiao F et al., 2006; Lu Q
et al, 2010). Compared with the excitation characteristics of
whistler waves, the Alfvén-cyclotron instability exhibits a similar
pattern of increasing growth rate for larger spectral indexes and
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Figure 5. Dimensionless maximum growth rates as a function of hot proton abundance for (a—d) the four temperature anisotropy values
indicated (A,,=1,2, 3, and 4) at a fixed plasma beta g,,= 0.5, and (e—h) the four plasma beta values indicated (g,, = 0.25,0.50, 1.0, and 2.5) at a

fixed temperature anisotropy A, = 2.
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plasma beta of hot protons. However, as reported in Xiao F et al.
(2006), the ratio of energetic electrons density over the total
plasma density is important for the whistler mode wave growth,
while the Alfvén-cyclotron instability is less sensitive to the varia-
tions of hot proton density.
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