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Key Points:

e In this study, we determined the principal moments of inertia for Mars and its core using recently updated global gravity models.
¢ The principal moments of inertia for Mars were A = 2.66589 x 1036 kg-m2, B = 2.66775 x 1036 kg-m2, and C = 2.68125 x 1036 kg-m?2.
e The determined core portion of this PMl is 5.47%, which is critical for investigating core density and size, and the free core nutation of

Mars.
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Abstract: The principal moments of inertia (PMls) with the principal axes are usually taken as the dynamic figure parameters of Mars;
they can be deduced from satellite-observed degree-two gravitational potentials in recent global gravity models and from the dynamic
ellipticities resulting from precession observations. These PMIs are natural and significant for the geodetic, geophysical, and geodynamic
problems of Mars, which are functions of internal density distributions. In this study, a closed and concise formula for determining the
PMIs of the entire planet and its core was developed based on the second invariants of gravity and a multipole expansion. We deduced
the polar oblateness J, and the equatorial ellipticity J>, of Mars to be 1.9566 x 10~3 and 6.3106 x 1072, respectively. The preferred principal
moments of inertia of Mars are A = 2.66589 x 1036 kg-m2, B=2.66775 x 1036 kg-mZ2, and C = 2.68125 x 1036 kg-m2. These values indicate
that Mar is slightly triaxial. The equatorial principal moment of inertia of the Martian core is 1.46008 x 103> kg-m?, accounting for ~5.47%
of the planet’s PMI; this result is critical for investigating the density and size of the core of Mars, and the planet’s free core nutation.
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1. Introduction

The principal moments of inertia (PMls) of Mars are a function of
the planet’s internal density distributions; during the entire explo-
ration history of the planet, they have been treated as its predomi-
nant parameters. PMIs are usually represented by A, B, and C; the
mean moment of inertia is defined as one-third of their trace. A
and B are the PMI's equatorial components; C is the polar principal
PMI. These parameters are essential for constraining the planet’s
layer structures and solidification (e.g., Bills and James, 1999), its
hydrostatic state with internal dynamic processes (e.g.,, Chambat
et al, 2010), and the planet’s rotation dynamics, including its
Chandler wobble and free core nutation (e.g., Van Hoolst et al.,
2000; Dehant et al., 2006; Konopliv et al., 2020).

The PMlIs of Mars are still not completely determined because of
limited observations and have been represented only by the polar
principal moment C. Under the assumption of hydrostatic equilib-
rium, C can be approximated using the Darwin—Radau relationship
(e.g., Sohl et al., 2005). Moreover, C can be derived from the obser-
vation of the Martian precession if we treat Mars as a rigid body

Correspondence to: C. Y. Xu, xucy@mail.iggcas.ac.cn
Received 21 AUG 2023; Accepted 03 OCT 2023.
First Published online 11 OCT 2023.

©2023 by Earth and Planetary Physics.

(e.g., Yoder and Standish, 1997). These two conventional methods
are problematic, however, because the status of the hydrostatic
equilibrium of Mars is unknown; C determined through the
Darwin—Radau relationship is always approximate, regardless of
how close the value is to the actual value. C is proportional to the
observed precession rate and is coupled with dynamic oblateness,
which means that C will be affected by observation errors.

The PMIs of Mars may also be deduced from the eigenvalues of
the moment of inertia tensor if that eigenvalue—eigenvector
problem is solved. However, the PMIs of Mars have not been
completely determined because of the non-uniqueness of gravi-
tational inversion. Another independent observation is a planet’s
precession (as in the case of Mars) or physical libration (for exam-
ple, Mercury) (see Section 2). With the accumulation of observa-
tional data, the global gravity model of Mars has been updated
(Genova et al., 2016; Konopliv et al., 2016, 2020), providing an
excellent opportunity to precisely determine the PMIs of Mars.
Moreover, a complete and precise determination of the PMIs of
Mars is crucial for studies of the planet’s interior density structure,
its Chandler wobble (CW), and its free core nutation (FCN) (e.g.,
Van Hoolst et al., 2000).

Because of the nature of PMIs, knowledge of a planet’s core
portion can provide strong constraints to its density and size,
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which are important to the investigation of its accretion and
evolution, and the history of its geodynamo (Brennan et al., 2020).
Moreover, the PMIs of the Martian core can influence the eigenpe-
riods of the planet’s FCN and CW (e.g., Van Hoolst et al., 2000).
Thus, observation of the period of the FCN or the CW can help
determine the PMIs of the Martian core, which can be further
adapted to invert the density and size of the core. The rotation
and interior structure experiment (RISE) of the InSight mission was
designed to detect the FCN of Mars (Folkner et al., 2018).

The goal of this study is to determine the principal moments of
inertia of Mars and the PMls of the planet’s fluid core as precisely
as possible, by applying recently updated global gravity models
(GGM3, MRO120D, and MRO120F) to the most accurate precession
observations. Since the temporal component of the gravity model
did not significantly affect our estimation, we did not consider it.
In the absence of Hp (so-called precession constant), we also
propose an alternative method to estimate the PMIs for other
terrestrial planets and their satellites, such as Mercury and the
Moon.

2. PMis with Global Gravity Models

2.1 Moment of Inertia Theory

The moment of inertia tensor of an arbitrary celestial body is
geodetically related to the degree-2 gravitational potential in the
terrestrial reference frame (see Figure 1), which can be expressed
as (e.g., Chao and Gross, 1987):

GM<—2 = = =
V, = R Lo (Cz,ncos mA + S,,sin m/\) Pym (cos 6), (1)
where M is the body mass and R, is the mean radius. C,,, and S,,
are the degree-2 normalized harmonic coefficients for the poten-
tial, i.e., the Stokes coefficients, which can be deduced from the
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Figure 1. The three principal moments of inertia (A, B, C) with their
principal axes (a-b-c) of Mars in the terrestrial reference frame (x-y-z).
The ¢ points to the north pole, which is virtually within the Martian
spin axis or the z-axis by neglecting the small departure of the polar
motion of Mars. /g is the east longitude of the a-axis expressed in the
terrestrial reference frame.

global gravity model thanks to the radio tracking data of Mars
orbiters and landers. P,,, (cos 6) is the normalized Legendre func-
tion. (6,A) are the co-latitude and longitude of the field point,
respectively.

The moment of inertia tensor I is directly related to the degree-2
Stokes coefficients using MacCullagh's formula (e.g., Heiskanen
and Moritz, 1967) or multipole expansion (Chao and Shih, 2021):

Coo = (Iy + I = 2133)/ (2V5MR),

Cor = =303/ (V5MR;),

S1 = =VBlys/ (VBMRY), )
Co = V3(lp, — In)/ (2V5MR3),

S50 = =VBha/ (VBMRG).

A detailed derivation of Equation (2) with normalized factors can
be found in Chao and Gross (1987) and Xu CY et al. (2014).

The degree-2 potential is given by the Principal Axial Frame (PAF,
see Figure 1) (e.g. Bills and Rubincam, 1995; Marchenko and
Schwintzer, 2003; Chen W et al., 2015):

GMR?
Vz = r_BG [A20P20 (COS 9/) + Azzsin 2)\/P22 (COS 9/)] . (3)
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where r, is the distance between the field point and the coordinate
origin in the PAF, and 6, is the colatitude in the PAF. A, B, and C are
the three principal moments of Mars; A, and B represent the equa-
torial components, and C represents the polar PMI. Ayp and A,; are
the coefficients of the degree-2 potential in the PAF, which are
introduced to avoid ambiguity. Hence the polar oblateness J, and
the equatorial ellipticity J,; are written as:

h = —\/gAzo,
N (5)
I = TAZZ’

where J, is the polar oblateness, which represents the difference
A+B
2 !

between the polar PMI C and the mean equatorial PMI (

and J,, is the equatorial ellipticity, which reflects the difference
between A and B. Notably, the differences between the coefficients
Com, Sam, A0, A2z, J2, and J,; are easily mixed; they are defined in
the different reference frames. The moment of inertia (/;) derived
from the degree-two Stokes coefficients is not the PMls (A, B, C). A,
B, and C can be deduced only by solving the eigenvalue—eigen-
vector problem of Equation (2).

Notably, there are only five degree-two coefficients with six inde-
pendent components in Iin Equation (2) and only two coefficients
with three independent components in Equation (3) (due to gravi-
tational inversion non-uniqueness). To uniquely determine PMIs,

one more independent observation is needed: the dynamic ellip-

C-(A+8)/2
C

ticity (or so-called precession constant) H, = in the
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case of Earth and Mars.

Once Ay and A, are determined, we can get the principal inertial
moments with Hp in the case of Mars:

A
A=\/§MR§[(1 _ )Azo—ﬁ],
D

Ho 3
B:JEMR?,[(1 —H1—D)A20+%], )
C= —EMR?,@.
Hp

Then, we can obtain the relative moment differences, which are
called three compliances (a, B, y) of PMls as follows:

_(c-8)
-8
C-A
g-! 5 ) 7
_(B=A) _ —2HpAy
G Ay

From Equation (7), we can also derive the principal inertial
moments through a, B, y with the absence of Hp, which will be in
the case of Moon and Mercury. 3, y are also called the physical lati-
tudinal libration and longitudinal libration parameters, respec-
tively, and can be determined for the Moon from Lunar laser rang-
ing (e.g., Williams et al., 2014) and for the Mercury from its 88-day
libration (Margot et al., 2007). However, if the core of a planet is
(partially or entirely) fluid, the mantle and core should be decou-
pled; Gy, is then the polar moment of inertia of the mantle. If a
solid inner core is present, a small correction to C,, should be
included. y in Equation (7) will be written as:

_(B=A)Cn _ ~2HpAy
Cn C V3450 ’

®)

In this case, we can further investigate the ratio of core—mantle

coupling C?’" , or the solid part of the PMIs of a terrestrial planet.

If we have observations of a, 3, y, we can deduce the period of the
Euler motion of a rigid Mars P as follows (e.g., Xu CY et al,, 2014;
Rekier et al., 2022):
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In Equation (9), w is the spin rate of the Mars.

2.2 PMis of the Whole of Mars

The global gravity model of Mars was updated in terms of Stokes
coefficients using radio-tracking data from historical orbiters and
landers. Data from the Mars global surveyor (MGS), Mars Recon-
naissance Orbiter (MRO), and landers Viking 1, Opportunity, and
InSight, have resulted in different models based on the missions’
different approaches to data collection. In this study, we have
adopted three tide-free degree-two coefficients of global gravity
solutions, named GGM3 (Genova et al., 2016), MRO120D (Konopliv
et al., 2016), and MRO120F (Konopliv et al., 2020), which are listed
in Table 1.

In determining a global gravity model, the mean equatorial radius
Re is typically adopted; for Mars, R. = 3396 km. The mean radius R,
of Mars is 3389.508 km (Smith et al., 1999). The bulk mean density
of Mars is affected by the uncertainty of the gravitational constant
G. Hence, we have adopted the value of G from Tiesinga et al.
(2021), as recommended by the Committee on Data for Science
and Technology (CODATA). The mass and bulk mean density of
Mars using different global gravity models were determined to be
M =6.41735 x 1023 kg, and 3934 kg/m3, respectively.

According to Equations (4) and (5), we can obtain the potential
coefficients in the PAF, polar oblateness, and equatorial ellipticity
from the different models as follows:

From Table 2, it is clear that Mars is triaxial. The determined J, and
Jo; are fundamental for investigating the hydrostatic state of Mars
(e.g., Chambat et al., 2010) and constraining the planet’s bulk
composition from mineral physical simulations (e.g., Wang Y et al.,
2013) based on the assumption of hydrostatic equilibrium. This
has been discussed from the perspective of possible non-hydro-
static sources in the Martian mantle.

Except for Earth, the dynamic ellipticity of other terrestrial planets
is seldom considered. For Mars, the dynamical ellipticity Hp is

Table 1. The standard gravitational constant and degree-two coefficients of Mars, from selected global gravity models.

Coefficients GMM3 MRO120D MRO120F
GMx1013 (m3/s2) 4.2828372854187757 4.282837581575610 4.28283756639565
Cy x104 -8.7502113235452894 -8.750220924537 -8.7502198198940
C1 x10710 5.9031495993080755 4.022333306382 3.7546373236670
S21x10-11 -4.9433617424482412 2.303183853552 2.2000860908190
C22x10-> -8.4635903869414677 -8.463302655983 -8.4632835759060
S22x10-3 4.8934625860229178 4.893941832167 4.8939759011920

Table 2. Degree-2 coefficients in the PAF, the polar oblateness, and the equatorial ellipticity, according to selected global gravity models.

Model ID Az (x1073) Az (x1074) J2 (x1073) J22 (x1079)
GGM3 -0.87502113 0.97764175 1.956606734 6.310650334

MRO120D -0.87502209 0.97764083 1.956608881 6.310644397

MRO120F -0.87502198 0.97764088 1.956608634 6.310644744

Xu CY et al.: Determining the moment of inertia of triaxial Mars with updated global gravity models



618 Earth and Planetary Physics  doi: 10.26464/epp2023084

Table 3. Principal moments of inertia and three compliances, computed from selected global gravity models.

Model ID A (1036 kg'm?) B (1036 kg-m?) C (103%kg-m?) a (1073 B (1072 y (10-3)
GGM3 2.665890032 2.667751104 2.681246128 0.506210817 0.575619516 0.694107216

MRO120D 2.665893143 2.667754214 2.681249255 0.506210888 0.575619446 0.694105801

MRO120F 2.665892797 2.667753868 2.681248907 0.506210882 0.575619452 0.694105927

taken from Baland et al. (2020) and Hp = 5.38017 x 1073, which can
meet the current determination of the precession rate of Mars
(e.g., Konopliv et al., 2020). Based on Equation (6), the principal
inertial moments are listed in Table 3.

Using the determined A, B, and C, we can obtain the mean inertial
moment of Mars, T = (A+B+C)/3, and then we can precisely obtain
the mean inertial moment factor of Mars rather than estimating it
approximately from two conventional methods: the
Darwin—Radau relationship, and measurements of Martian
precession.

2.3 Dynamic Figure Parameters of Internal Layers

Unlike the whole of Mars, whose moment of inertia is directly
computed from gravity observations, the principal internal
moments of the core can be deduced only from the assumption
of hydrostatic equilibrium or from observations of the FCN or the
CW with the influence of its fluidity. Based on observations of the
CW period of Mars (Konopliv et al., 2020), we used the following
relation to compute the equatorial principal moments of the

Martian core:
1
i k™ AcBs\?
P =p”9"’(1 - k—z) [1 —( /330) } (10)
S

where the observed period of Pg'\’,\s, is ~206.9 days (Konopliv et al.,

2020); k, is the Love number with allowance for frequency depen-
dence; and k; is the secular Love number that characterizes Mars's
3,9
w?R,

anelasticity (ks = =1.2862), Which can be theoretically

a

deduced from the above estimates. Based on the determined
PMIs, we deduce the period of the Euler motion of a rigid Mars
(~190.07 days). Ac and B. are the equatorial principal moments of
inertia of the Martian core. We can obtain A. and B, if the Martian
core is assumed to be hydrostatic:

Ag = B, = 1.46008 x 10, (1)
Acisin kg-m2,

This indicates that the equatorial internal moments of the core are
~5.47% of the equatorial internal moments of the whole of Mars.

Here, A= 1.0579, where Ay, is the equatorial principal moment

'm
of inertia of the mantle. The polar principal moment of inertia of
core C. cannot be determined without knowing the dynamic flat-
tening of the core of Mars ef (e; = (C. — Ac) /Ac), that is, the
dynamic flattening at the core and mantle boundary (CMB). This
can be determined by solving Clairaut’s equation using the
radial— density model of the Martian core.

3. Conclusion and Discussion
In this study, we completely determined the PMIs for the entire

planet of Mars and its core using recently updated global gravity
models and precession observations. According to Tables 2 and 3,
the principal moments of inertia for Mars are A = 2.66589 X
1036 kg-m?2, B=2.66775 X 1036 kg:m?2, and C = 2.68125 x 1036 kg-mZ.
This indicates that Mars is triaxial. If the Martian core is assumed
hydrostatic, we can estimate A. and B. with the CW of Mars and
the absence of dynamic core flattening. The resulting equatorial
principal moment of inertia of the Martian core is 1.46008 X
1035 kg'm2. We believe that our use of updated global gravity
models and data from continuous observations of Martian preces-
sion have made our PMI estimates the best that are currently
available.

Accurately estimated PMIs can strongly constrain the internal
structure of Mars, with the advantage of interfaces determined by
the InSight seismic record. Our estimations can replace previous
physical parameters to refine the interior model of Mars in combi-
nation with geochemical data and mineral physical simulations. In
particular, the mean moment of inertia ((A + B + C) /3MR2), which
is the predominant variable for inverting spherically-symmetric
layered structures, can be deduced from our new estimation. The
PMls determined for the Martian core can be used to invert its
density structure, corresponding to its composition, state, and
formation (Brennan et al., 2020).

Our estimated polar oblateness J, and equatorial ellipticity J,; of
Mars are 1.9566 x 10-3 and 6.3106 x 105, respectively. With the
given compositions of the Martian mantle, J; from mineral physics
simulations (e.g., Chambat et al., 2010; Wang Y et al., 2013) can be
deduced; comparison to our estimates can reveal the non-hydro-
static portion of the Martian mantle (e.g., Bills and James., 1999). It
is important to constrain the mantle mass anomaly that might be
induced by the mantle convection (see Forte, 2007 for a review).

These new estimates of PMIs are also important for investigating
the rotation dynamics of Mars and the corresponding physical
excitations, such as the FCN and the CW (Van Hoolst et al., 2000).
As inferred from our results, the ratio of Ai can provide a prior

m

constraint for the liquid—core amplification factor, a key factor in
the rotation and interior structure experiment (RISE) loaded on
the InSight mission (Folkner et al., 2018).
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