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Key Points:

e The Kappa-type distribution is applied to fit electron flux data from the Van Allen Probes at L = 4-6 under different geomagnetic
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e The Kappa-type distribution performs better at the higher L-shells (L ~ 5-6) when the geomagnetic condition is relatively active.
e The typical radiation belt electron energy spectra can easily be constructed by using the fitting parameters.
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Abstract: The energy spectrum of energetic electrons is a key factor representing the dynamic variations of Earth’s Van Allen radiation
belts. Increased measurements have indicated that the commonly used Maxwellian and Kappa distributions are inadequate for capturing
the realistic spectral distributions of radiation belt electrons. Here we adopt the Kappa-type (KT) distribution as the fitting function and
perform a statistical analysis to investigate the radiation belt electron flux spectra observed by the Van Allen Probes. By calculating the
optimal values of the key KT distribution parameters (i.e., k and 62) from the observed spectral shapes, we fit the radiation belt electron
fluxes at different L-shells under different geomagnetic conditions. In this manner, we obtain typical values of the KT distribution
parameters, which are statistically feasible for modeling the radiation belt electron flux profiles during either geomagnetically quiet or
active periods. A comparison of the KT distribution model results with those using the Maxwellian or Kappa distribution reveals the
advantage of the KT distribution for studying the overall properties of the radiation belt electron spectral distribution, which has
important implications for deepening the current understanding of the radiation belt electron dynamics under evolving geomagnetic

conditions.
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1. Introduction

The distribution of electron fluxes in the Earth’s radiation belts is
essential for understanding various associated physical processes.
Energetic electrons in the Earth’s radiation belts, often called
“killer electrons” because of their destructive energy capable of
causing malfunctions of orbiting spacecrafts, play an important
role in space plasma dynamics (e.g., Baker, 2002). Energetic elec-
tron fluxes in the outer radiation belt are highly variable (e.g., Li XL
et al,, 1997; Reeves et al., 1998, 2003; Zong QG et al., 2007), which
makes them difficult to describe accurately. The Maxwellian distri-
bution function was widely adopted in early studies, until a non-
Maxwellian tail in the distribution at the high-energy end (e.g.,
Vasyliunas, 1968; Leubner, 1982) was generally observed by parti-
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cle detectors in the natural space environment, indicating a ther-
mal nonequilibrium state of space plasmas. A useful function for
fitting such plasma distributions is the generalized Lorentzian
(Kappa) distribution (Vasyliunas, 1968; Christon et al., 1988;
Summers and Thorne, 1992; Vifas et al., 2005), which can properly
describe the observed high-energy tail by introducing the param-
eter k. When k—o, the Kappa distribution approaches the
Maxwellian distribution. The typical Kappa distribution has since
been widely used in various studies (e.g., Xue S et al., 1993; Maksi-
movic et al.,, 19973, b; Saito et al., 2000; Dasso et al., 2003; Cao X
etal., 2020; Lou YQ et al., 2023).

Despite its popularity, the Kappa distribution still shows recogniz-
able differences, especially when modeling electron spectra in the
high energy range. As an important step toward improvement,
Xiao FL (2006) developed a Kappa-type (KT) distribution to model
the high-energy tail distribution in a more appropriate way. The
KT distribution satisfies the power law not only at the lower ener-
gies, but also at the relativistic energies, whereas the Kappa distri-
bution decreases faster than the KT distribution with increasing
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kinetic energy. Some studies have been conducted on the appli-
cation of the KT distribution. Xiao FL et al. (2017) studied the
generation of extremely low frequency chorus waves in the Van
Allen radiation belts. Yang QW et al. (2016) examined the magne-
tospheric chorus wave instability induced by relativistic KT distri-
butions. By comparing the modeled electron fluxes using the KT
distribution with the observational data from a geostationary-
orbit satellite at different universal times, Xiao FL et al. (2008)
concluded that the KT distribution is a more reasonable way to fit
highly energetic particles. It is worth noting that the results of
Xiao FL et al. (2008) apply only to the region of the geostationary
orbit. Therefore, it is valuable to attempt to investigate the appli-
cability of the KT distribution for modeling the electron energy
spectra in other regions of the radiation belt. The high-quality
electron datasets provided by the twin Van Allen Probes (VAP)
provide such an opportunity.

The outline of this paper is as follows. In Section 2, we briefly
describe the KT distribution model and the electron flux data
obtained from the VAP. In Section 3, we fit the flux data by using
the KT distribution, Kappa distribution, and Maxwellian distribution
and compare the results. On the basis of the KT distribution fitting
technique, we show the best fitting parameters for electron flux at
L = 4-6 under different geomagnetic conditions. The performance
of the modeled electron flux depending on the KT function is
summarized and discussed in Section 4.

2. Fitting Method and Data

2.1 The KT Distribution Function
The relation between the differential flux j(E) and the distribution
function f(p) can be written as (Schulz and Lanzerotti, 1974)

JE) = pfip), (1)

where E is the kinetic energy of particles and p is the momentum
of particles. To simplify the calculation, variables are normalized in
the following way: ps = p/moc; E; = E/Eo, where Eg = moc2, my is the
electron rest mass, and c is the speed of light. The relativistic KT
distribution can then be written as (Xiao FL et al., 2008)
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here I', B, and F represent the gamma function, the beta function,
and the hypergeometric function, respectively; N is the number
density of particles; a is the particle pitch angle; q represents the
pitch angle anisotropy; and 62 represents the thermal energy
scaled by Eo.

In this study, we focus only on those electrons with a pitch angle
of 90° and ignore the pitch angle anisotropy. With p; rewritten as
p, the relativistic KT distribution can be written as
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The normalized relation between the differential flux j(F) and the
distribution function f(p) can be written as
. cE(E+2)
J=—F

E f(p). (4)

2.2 Data Sets

The VAP mission was launched on August 30, 2012, into an orbit
with a perigee of ~1.1 Rg, an apogee of ~6 Rg, an inclination of
10.2°,and an orbital period of ~9 hours. It consists of two satel-
lites, Van Allen Probe A (VAP-A) and Van Allen Probe B (VAP-B).
The primary objective of this mission is to understand the funda-
mental physics of the radiation belts (Mauk et al., 2013). The Ener-
getic Particle, Composition, and Thermal Plasma Suite (ECT)
carried by the VAP is designed to measure various kinds of particles
in the radiation belts. The ECT is a set of instruments, among
which the Magnetic Electron lon Spectrometer (MagEIS; Claude-
pierre et al., 2015) and the Relativistic Electron Proton Telescope
(REPT; Baker et al., 2021) are for electron measurements. The
MagEIS observes electrons in the middle energy ranges, from
~30 to ~3800 keV, whereas the REPT observes electrons in the
relativistic energy ranges, from 1.8 to 20 MeV. The ECT provides
high-resolution (11 seconds per sample) electron flux data, which
covers almost all pitch angles.

In this study, we use the electron spectrum dataset measured by
the MagEIS and REPT, covering the time range from January 1,
2013, to December 31, 2016. The magnetic field is sensitive to
geomagnetic activity. In this study, we use the L data provided by
the ECT suite of the VAP. Only those spectra sampled at L = 4 +
0.1,45%0.1,5%0.1,5.5+0.1,and 6 + 0.1 are selected. We further
categorize the samples into a quiet period and an active period
according to the geomagnetic activity index SYM-H. A value of
SYM-H greater than —30 nT indicates a geomagnetically quiet
period (Gonzalez et al., 1994). For a given distribution function,
the fitting of a spectrum is performed by using the least squares
method.

3. Analytical Results

3.1 Comparison Between Different Distribution Functions
To examine the performance of the KT distribution, we compare
the fitting results of the VAP-observed electron flux by using the
Maxwellian, Kappa, and KT distributions, as shown in Figure 1.
Two spectrum samples under different geomagnetic conditions,
the quiet period and the active period, are arbitrarily selected for
testing. In Figure 1a, the fitting parameter for the Maxwellian
distribution is 62 = 0.06, the fitting parameter for the Kappa distri-
bution is k = 3, 62 = 0.035, and the fitting parameter for the KT
distribution is k = 6, 62 = 0.05. Similarly, in Figure 1b, the fitting
parameter for the Maxwellian distribution is 62 = 0.09, the fitting
parameter for the Kappa distribution is k = 4, 62 = 0.32, and the
fitting parameter for the KT distribution is k = 9, 62 = 0.15. We see
from the figure that the Maxwellian distribution fails to describe
the observed high-energy electrons in both cases, whereas the
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Figure 1. The fitting results for electron flux when using the Maxwellian, Kappa, and Kappa-type (KT) distribution under two different
geomagnetic conditions: (@) SYM-H = 2 nT on March 31, 2014, at 14:48:18 universal time (UT), quiet period; (b) SYM-H = —46 nT on February 21,
2014, at 10:04:46 UT, active period. The blue asterisks represent the electron flux data observed by the MagEIS and REPT onboard the VAP-A and
VAP-B. The green curves are fittings by the Maxwellian distribution, the black curves represent fittings by the KT distribution, and the red curves
represent fittings by the Kappa distribution. At is the difference between observations and the KT distribution fittings, and A is the difference

between observations and the Kappa distribution fittings.

Kappa and KT distributions fit the observations well through all
the energy scales. A sum of several Maxwellian distributions can
probably also describe the observation well. However, such a
fitting method is commonly indirect and more complicated than
fitting by the KT distribution. To further quantify the performance
of the latter two distributions, we calculate the differences
between fittings and observations, A, for the Kappa distribution
and Agr for the KT distribution. In both cases, Ak is slightly smaller
than Ay, suggesting that the KT distribution is a better function for
describing the electron flux in the radiation belts.

3.2 Parametric Fitting

We then analyze the values of parameters in the KT distribution.
According to the description in Section 2.1, the key parameters of
the distribution are k and 62, which fundamentally determine the
shape of the distribution function. For every electron spectrum
sample, a pair of values (k, 62) is obtained by fitting. The fitting
procedure is designed to return k as an integer between 3 and 12
and 62 as an exact multiple of 0.005 between 0.005 and 0.4. The
ranges of k and 62 are selected based on previous studies. All
possible pairs of (k, 62) form a two-dimensional grid. We count the
number of samples matching each grid point and calculate the
average value of the differences. It is obvious that a higher count
of samples for a given pair of values means better applicability of
the distribution function with such parameters (i.e., fits with more
cases [samples]). On the other hand, a smaller difference between
the fitting curve and the measurement indicates better accuracy
of the distribution. We intend to find the optimal values of param-
eters (i.e, a pair of values that can satisfy both the applicability
and accuracy appropriately).

Figure 2 shows the fitting results of the KT distribution (left
column) at L = 6 under the quiet geomagnetic condition. The

results of the Kappa distribution are also shown for comparison.
Figures 2a and 2c show the number of samples fitted by the KT
distribution and the Kappa distribution, respectively, in the k-6
plane. One can easily see the concentration of samples along a
diagonal line in Figure 2a, whereas in Figure 2c the samples are
distributed mainly at k = 3, the boundary of the grid. Such results
are usually considered unreasonable. Figures 2b and 2d show the
average differences in the fittings by the KT distribution and the
Kappa distribution in the k-62 plane. Compared with 2a, in Figure
2b one can see that the differences at the most concentrated
grids are all below 0.3, whereas in Figure 2d, the differences reach
nearly 0.4 for the most concentrated grids. This result confirms
that from the case study presented in Section 3.1.

In Figure 2a, it is interesting to see how the samples are concen-
trated not at a single point but along a diagonal line. Hence, we
try to find the line of typical parameters, each point on which
corresponds to a pair of typical values that are equally applicable
to fit the electron spectra. To do so, we apply several criteria to
select those grids with the most samples. After removing unreliable
values at the boundary of the grid, we select only the grid points
with counts of samples exceeding 0.5% of the total, and with
differences below 0.25. The parameters of selected grids are
weighted by their count values and fitted by the least squares line
with the slope a and the y-intercept b.

Figures 3 and 4 show the counts of samples, the averaged differ-
ences, and the fitted lines of typical parameters over selected
grids at five different L-shell regions under geomagnetically quiet
and active periods, respectively. One can see from the two figures
that under the same geomagnetic condition, the difference
increases as L decreases. The best result is obtained at L = 6,
meaning that the electron spectra are better described by the KT
distribution at a higher L-shell. On the other hand, by comparing
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Figure 2. Fitting results of (a, b) the Kappa-type (KT) function and (c, d) the Kappa function at L = 6 under the quiet geomagnetic condition.

the results at the same L-shell region, one can see that the averaged
differences under the active geomagnetic condition are lower
than those under the quiet geomagnetic condition, which
suggests that the electron spectra are better described by the KT
distribution under the more active geomagnetic condition.

Table 1 shows the fitting parameters of lines of typical parameters
from the results of the KT distribution, a and b, together with the
applicable range of k and the well-fitting rate, under quiet and
active geomagnetic conditions, respectively. We define the well-
fitting case as the fitting result of a sample spectrum whose differ-
ence is lower than 0.40. The well-fitting rate, introduced to evaluate
the performance of the KT distribution determined by typical
parameters, is hence defined as the number of well-fitting cases
divided by the total number of cases. The well-fitting rate shows
the overall performance of the KT distribution with typical param-
eters. From the table, we can see that the performance of the KT
distribution is better at the higher L-shell (L ~ 5-6) regions when
the geomagnetic condition is relatively active.

4. Concluding Remarks

In this study, using the electron flux data from the VAP, we have
examined the performance of the Maxwellian, Kappa, and KT
distributions in fitting the energy spectra of electrons in the radia-
tion belts and have optimized the fitting parameters of the KT

distribution at different L-shells under different geomagnetic
conditions. Our results indicate the advantage of the KT distribu-
tion, compared with the Maxwellian and Kappa distributions, in
accurately fitting the high-energy tail of electron spectra. With the
availability of a 4-year high-quality electron spectrum dataset, we
have found a number of parameter value pairs aligned to straight
lines that can fit reasonably well with the majority of the observa-
tion samples. In addition, we have witnessed better performance
of the KT distribution for fitting of the electron energy spectrum at
larger L-shells (i.e., L ~ 5-6) during active geomagnetic periods,
which is consistent with the conclusion of Xiao FL et al. (2008). As
a consequence, our results have important implications for deep-
ening the current understanding of the radiation belt electron
dynamics under evolving geomagnetic conditions.

Itis also worth noting that no single pair of parameters is identified
for any given L-shell or geomagnetic condition. As shown in
Figures 3 and 4, the counts of samples corresponding to the pairs
of values do not concentrate on individual points but on the diag-
onal lines instead. This result implies that no single parameter or
pair of parameters is suitable for describing all observed radiation
belt electron spectra. Nevertheless, we have attempted to use the
least parameters possible for fits and have found that no more
than 4 points on the k-62 plane (i.e., 4 pairs of values) are sufficient
to properly model the majority of observed electron flux spectra.

Jiao LH and Ma X et al.: Kappa-type energy spectrum distribution of radiation belt electrons
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Figure 3. Fitting results of different pairs of parameter values under the quiet geomagnetic condition at L = 4 to 6. (a)—(e) Number of cases;
(f)—(j) averaged differences; (k)—(o) linear fitting of parameters using selected cases with high count numbers and low differences.

The parameters of fitting lines for these points are listed in
Table 1, which can be readily adopted to establish the typical radi-
ation belt electron energy spectra for future simulations of radia-
tion belt electron variations under a variety of magnetospheric

circumstances.
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Table 1. Lines of typical parameters and their applicable ranges.

Quiet time Active time
L Line of typical Range of K Well-fitting Line of typical Range of k Well-fitting
parameters? rate (%) parameters rate (%)

4 (0.0399, —0.1394) [4, 6] 19.18 (0.0447,-0.1644) [4, 6] 52.90
4.5 (0.0413,-0.1391) [4,7] 25.56 (0.0409, —0.1444) [4,7] 50.52

5 (0.0443,-0.1418) [4,7] 48.43 (0.0486, —0.1851) [4,7] 60.32
5.5 (0.0425, -0.1340) [4,7] 69.32 (0.0461,-0.1731) [4,7] 71.85

6 (0.0319, -0.0889) [4,7] 79.32 (0.0390, —0.1426) [4,7] 81.14

aA pair of values (a, b) indicates a line 82 = ak + b fitting typical parameters on the k-62 grid within the declared range of k.

ect.lanl.gov/data_pub/. The geomagnetic indices were obtained
online from the OMNIWeb (http://omniweb.gsfc.nasa.gov/).
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