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Key Points:
●  Notable differences in chorus wave intensities exist between observations and calculations from the cold plasma approximation.
●  Differences between observed and calculated wave intensities enlarge as the plasma density decreases and the geomagnetic activity

is enhanced.
●  Substantially different electron scattering rates are caused by the cold plasma approximation compared with those by observed wave

dispersions.
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Abstract:  Theoretical analysis has demonstrated that the dispersion relation of chorus waves plays an essential role in the resonant
interaction and energy transformation between the waves and magnetospheric electrons. Previous quantitative analyses often simplified
the chorus dispersion relation by using the cold plasma assumption. However, the applicability of the cold plasma assumption is
doubtful, especially during geomagnetic disturbances. We here present a systematic statistical analysis on the validity of the cold plasma
dispersion relation of chorus waves based on observations from the Van Allen Probes over the period from 2012 to 2018. The statistical
results show that the observed magnetic field intensities deviate substantially from those calculated from the cold plasma dispersion
relation and that they become more pronounced with an increase in geomagnetic activity or a decrease in background plasma density.
The region with large deviations is mainly concentrated in the nightside and expands in both the radial and azimuthal directions as the
geomagnetic activity increases or the background plasma density decreases. In addition, the bounce-averaged electron scattering rates
are computed by using the observed and cold plasma dispersion relation of chorus waves. Compared with usage of the cold plasma
dispersion relation, usage of the observed dispersion relation considerably lowers the minimum resonant energy of electrons and lowers
the scattering rates of electrons above tens of kiloelectronvolts but enhances those below. Furthermore, these differences are more
pronounced with the enhancement of geomagnetic activity or the decrease in background plasma density.
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1.  Introduction
Whistler  mode  chorus  waves  are  intense  right-hand  polarized

electromagnetic  emissions  commonly  present  in  the  low-density

plasmatrough  outside  the  plasmapause  (Tsurutani  and  Smith,

1974, 1977; Meredith et al., 2003; Cao JB et al., 2005, 2007; Gao XL

et al., 2014; Zhima et al., 2014; Yu J et al., 2017, 2020a; Liu X et al.,

2021).  Usually,  these  waves  occur  in  the  frequency  range  of

0.1–0.8 fce (where fce is  the  equatorial  electron  cyclotron

frequency) and appear in two distinct frequency bands: one is the

lower band below 0.5 fce,  and the other is the upper band above

0.5 fce (e.g.,  Tsurutani and Smith 1974; Li  W et al.,  2009; Meredith

et al., 2012; Fu XR et al., 2015; Gao XL et al., 2016; Yu J et al., 2018;

Chen HY et al., 2021). In addition to the power gap, chorus waves

also show a repetitive nature,  which is  considered to be affected

by  the  electron  drift  velocity  (Lu  QM  et  al.,  2021; Gao  XL  et  al.,

2022).  Generally,  chorus  waves  originate  near  the  geomagnetic

equator (Santolík et al., 2003a; Lu QM et al., 2019) and are believed

to be generated by cyclotron resonant interaction with energetic

electrons  with  temperature  anisotropy  (T⊥ > T||)  in  the  energy

range  from  a  few  kiloelectron  volts  to  tens  of  kiloelectron  volts

(Anderson  and  Maeda,  1977; Meredith  et  al.,  2001; Li  W  et  al.,

2008, 2009; Omura et al., 2009; Fu HS et al., 2012; Liu X and Chen

LJ, 2019; Chen ZZ et al., 2022; Wang J et al., 2023a, b).

Through  cyclotron  resonance  with  electrons,  chorus  waves  can

accelerate seed electrons to ultrarelativistic energies and precipi-
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tate  plasma  sheet  electrons  in  the  Earth’s  inner  magnetosphere,

producing  the  dense  outer  radiation  belt  and  the  pulsating  and

diffuse aurora (Horne et al., 2005; Bortnik and Thorne, 2007; Ni BB

et  al.,  2008, 2011; Su  ZP  et  al.,  2010; Thorne,  2010; Shprits  et  al.,

2012; Thorne  et  al.,  2013; Gao  XL  et  al.,  2015, 2024; Li  LY  et  al.,

2017; Yu J et al., 2019a, 2022). Usually, the chorus-induced electron

diffusions can be quantitatively examined by the quasi-linear scat-

tering rates. To calculate the quasi-linear scattering rates, the reso-

nant  wave  numbers  and  frequencies  should  first  be  obtained  as

inputs  by  simultaneously  solving  the  dispersion  relation  of  the

chorus  waves  and  the  wave–particle  resonant  condition  (Kennel

and  Engelmann,  1966; Roth  et  al.,  1999; Summers  and  Ma  CY,

2000; Albert,  2005; Glauert and Horne, 2005).  In general,  the cold

plasma  dispersion  relation  is  widely  adopted  because  of  its  easy

applicability  in  resolving  the  resonant  wave  numbers  and

frequencies (e.g. Albert, 2005; Glauert and Horne, 2005; Summers,

2005; Ni BB et al.,  2008, 2011; Su ZP et al.,  2009; Li LY et al.,  2013,

2017, 2022; Xiao  FL  et  al.,  2014; He  ZG  et  al.,  2016; Yu  J  et  al.,

2020a, 2022).  However,  the  cold  plasma  approximation  is  not

always applicable, especially when the hot plasmas are abundant,

which  can  strongly  affect  the  evaluation  of  the  wave–particle

interaction processes (Ni BB et al.,  2017; Chen LJ et al.,  2019; Yu J

et  al.,  2019b, 2020b, 2024; Cao  X  et  al.,  2020; Ma  X  et  al.,  2021).

Actually, observations have confirmed that the realistic dispersion

relation  of  chorus  waves  can  deviate  substantially  from  the  cold

plasma approximation. Hartley et al. (2015, 2016) found, based on

the  Van  Allen  Probe  observations,  that  for  chorus  waves,  the

converted  magnetic  field  spectral  intensities  computed  by  the

measured electric spectral intensities and the cold plasma theory

deviated more or less from the measured magnetic field spectral

intensities. In theory, Chen LJ et al. (2013) predicted that the theo-

retical  dispersion  relation  of  parallel  propagation  chorus  waves

can  deviate  considerably  from  the  cold  plasma  approximation

when  abundant  hot  plasmas  are  present,  which  subsequently

affects the minimum resonant energy of electrons and their local

scattering rates.

In  the  present  paper,  we perform a  systematic  statistical  analysis
on  the  validity  of  the  cold  plasma  dispersion  relation  of  chorus
waves  for  different  levels  of  plasma  density  and  geomagnetic

activity based on measurements from the Van Allen Probes from
2012 to 2018. By comparing the chorus-induced electron scattering
rates  calculated  by  utilizing  the  theoretical  and  statistical  disper-
sion  relation,  we  quantitatively  examine  the  applicability  of  the

cold plasma dispersion relation in evaluating the chorus–electron
interaction under different plasma environments and geomagnetic
conditions. 

2.  Data and Methodology 

2.1  Wave Measurements and Chorus Identification
The Van Allen Probes, twin satellites launched on August 23, 2012,
carried  identical  instruments  to  monitor  various  plasma  waves

and particle dynamics in the radiation belts. The electromagnetic

disturbances  and  plasma  waves  were  measured  by  the  Electric

and  Magnetic  Field  Instrument  Suite  and  Integrated  Science

(EMFISIS; Kletzing et al., 2013). The Waveform Receiver of EMFISIS

provided  the  averaged  spectral  matrices  of  both  electric  and

magnetic  fields  over  the frequency range of  10  to  12 kHz,  which

can  be  used  to  analyze  the  wave  propagation  and  polarization

(wave normal angle, ellipticity, and planarity) by the singular value

decomposition  method  (Santolík  et  al.,  2003b).  The  High

Frequency  Receiver  of  EMFISIS  provided  a  single  electric  field

spectrum in the frequency range of  10 to 400 kHz,  which can be

used to extract the upper hybrid resonance frequency and thus to

infer the plasma density (Kurth et al., 2015).

Chorus  waves  are  identified  according  to  the  following  criteria:

(1) outside the plasmapause with a density value lower than 124 ×

(3/L)4 cm−3 (Sheeley et  al.,  2001);  (2)  wave frequencies within the

range of 0.1–0.8 fce; (3) ellipticity >0.7 and planarity >0.6.

Figure 1 presents an event overview of chorus waves observed by

Van Allen Probe A during the period of 01:00–10:00 universal time

(UT) on October 12, 2012. From top to bottom, Figure 1 shows the

plasma density, the electric and magnetic field spectral densities,

planarity,  ellipticity,  and  wave  normal  angles.  Van  Allen  Probe  A

crosses  the  plasmapause  at  03:00  UT  and  08:40  UT  when  the

plasma  density  changes  sharply.  Outside  the  plasmapause

(between 03:00 UT and 08:40 UT),  intense electromagnetic  emis-

sions  with  large  planarity  and  ellipticity  are  observed  within  the

frequency range of 0.1–0.8 fce.  Thus, they are identified as chorus

waves according to the aforementioned criteria. 

2.2  Calculations of Chorus Intensities Under the Cold

Plasma Hypothesis
To validate the applicability of the cold plasma approximation for

chorus  waves,  we  make  a  comparison  between  their  observed

magnetic  field  spectral  densities  and  those  calculated  from  their

observed  electric  field  spectral  densities  and  the  cold  plasma

dispersion relation. According to previous studies (e.g., Hartley et

al., 2016), the magnetic field spectral densities (IB_cal) converted by

the electric field spectral densities (IE_obs,  as measured by the Van

Allen Probes) under the cold plasma hypothesis for chorus waves

with arbitrary wave normal angles (θ) can be expressed as follows:

IB_cal = IE_obs(nc )2
sin

2β, (1)

with

β = arccos

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
sinθ (n2 − P)√√√√√√√√⎷(n2sin2θ − P)2

+
D2(n2sin2θ − P)2

(n2 − S)2
+ n4sin2θcos2θ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(2)

and

n2 =
RLsin2θ + PS (1 + cos2θ) − √(RLsin2θ + PS (1 + cos2θ))2 − 4PRL(Ssin2θ + Pcos2θ)

2(Ssin2θ + Pcos2θ) , (3)
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Figure 1.   Overview of a chorus wave event observed by Van Allen Probe A on October 12, 2012. (a) The ambient plasma density. (b–c) The

power spectral density of the electric field and magnetic field. (d–f) The planarity, ellipticity, and wave normal angle. The dashed and solid purple

lines in (b) to (f) represent 0.1 fce and 0.5 fce, respectively.
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R = 1 −
ω2

pe

ω (ω + Ωce) − ω2
pi

ω (ω + ωci) , (4)

L = 1 −
ω2

pe

ω (ω − Ωce) − ω2
pi

ω (ω − ωci) , (5)

P = 1 −
ω2

pe

ω2
−
ω2

pi

ω2
, (6)

S = R + L
2

, (7)

D = R − L
2

, (8)

ω c Ωce

ωpe

Ωci ωpi

where  is  the  wave  frequency,  and  is  the  speed  of  light; 
and  are  the  cyclotron  frequency  and  plasma  frequency  of
electrons,  respectively;  and  and  are  the  cyclotron
frequency and plasma frequency of protons.

Once  the  chorus  waves  are  identified,  the  observed  electric  field
spectral  density  (IE_obs)  is  used to  obtain  the calculated magnetic
field  spectral  density  (IB_cal)  from  the  cold  plasma  approximation
based  on  Equation  (1).  The  calculated  (Bw_cal)  and  observed
(Bw_obs)  magnetic  field  intensities,  for  later  comparison  analyses,
are  then  calculated  by  integrating  the  calculated  (IB_cal)  and
observed  (IB_obs)  magnetic  field  spectral  densities  over  the
frequency in the range of 0.1–0.5 fce, respectively. 

2.3  Calculations of Chorus-Induced Electron Scattering
Rates

To  quantify  the  effect  of  different  dispersion  relations  on
chorus–electron interaction, we compare the quasi-linear bounce-
averaged  pitch  angle  scattering  rates  calculated  by  using  the
statistical  and  the  theoretical  dispersion  relation.  For  broadband
parallel  propagating chorus waves,  the quasi-linear bounce-aver-
aged pitch angle scattering rate in a dipole field can be written as
follows (e.g., Summers, 2005):

⟨Dαα⟩ = 1

T (αeq)∫ λm

0
Dαα

cosα
cos2αeq

cos
7λdλ, (9)

Dαα =
Dμμ

sin2α
, (10)

Dμμ =
π
2
Ω2

ce

B2
0

(1 − μ2)
γ2

N

∑
j=1

(1 −
ωjμ

kjv
)2 W (ωj)dωj/dkj∣vμ − dωj/dkj∣ , (11)

T (αeq) = 1.30 − 0.56sinαeq α αeq

λ λm

B0

γ = (1 − v2/c2)−1/2

v μ = cosα W (ωj)
ωj kj N

where ,  and  are the local and equa-

torial pitch angle, respectively;  and  are the magnetic latitude
and electron mirror latitude, respectively; and  is the background

magnetic  field  strength.  In  addition,  is  the

Lorentz  factor,  is  the  electron  velocity, , is  the

wave  power  spectral  density  evaluated  at  the  resonance
frequency ,  is the resonance wave number, and  is the reso-

nant order. The summation in Equation (11) is carried out over all
the  resonance  roots,  satisfying  the  gyroresonance  condition
(Equation (12)) and the dispersion relation (Equation (13) or (14)).
The  gyroresonance  condition  between  electrons  and  parallel
propagating chorus waves can be expressed as follows:

ω − kvμ =
∣Ωce∣
γ . (12)

In this study, we use two dispersion relations of parallel propagat-
ing chorus waves to calculate the pitch angle scattering rates. One
is the theoretical dispersion relation in a cold plasma:

c2k2 = ω2 −
ωω2

pe

ω − ∣Ωce∣ . (13)

The other  is  the statistical  dispersion relation based on measure-
ments  from  the  Van  Allen  Probes.  The  observational  dispersion
relation is as follows:

k = ω

√
IB_obs

IE_obs
. (14)

We  first  obtain  scatter  data  points  of  the  wave  number  versus
wave  frequency  and  subsequently  fit  their  average  values  to
obtain the statistical dispersion relation of chorus waves. 

3.  The Validity of the Cold Plasma Approximation
Following previous studies (Hartley et al., 2015; Ma X et al., 2021),
we use a direct comparison between the observed magnetic field
intensities and those calculated from the theory to test the validity
of the cold plasma dispersion relation for chorus waves. 

3.1  Plasma Density Effect on the Validity of the Cold

Plasma Approximation
To  investigate  the  relationship  between  the  validity  of  the  cold
plasma  dispersion  relation  and  the  plasma  density  for  chorus
waves,  we  organize  the  data  into  three  different  plasma  density
ranges,  that  is, Ne <  4  cm−3,  4  < Ne <  8  cm−3,  and Ne >  8  cm−3.
Figure  2 illustrates  the  statistical  results  of  the  comparisons
between  the  observed  magnetic  field  intensities  and  those
converted from cold plasma theory for lower-band chorus waves
in  three  different  plasma  density  ranges.  In Figures  2a–2c,  the
color  represents  the  number  of  data  points  in  each  bin  and  the
diagonal line separates the regions where the observed magnetic
field intensities are larger (below the line) and smaller (above the
line) than those converted. Therefore, the cold plasma dispersion
relation is most reliable only when the data points fall on the diag-
onal  line,  and  it  becomes  less  applicable  when  the  data  points
deviate  more  from  the  diagonal  line.  The  data  points  deviate
more  or  less  from  the  diagonal  line,  but  most  of  them  are
distributed in the region within an order of magnitude below the
diagonal line, indicating that the observed magnetic field intensi-
ties  are  substantially  larger  than those  converted for  most  cases;
thus, the cold plasma approximation is not that applicable in most
cases  for  chorus  waves.  In  addition,  as  the  plasma  density
increases,  the  data  points  are  distributed  closer  to  the  diagonal
line, implying a greater validity of the cold plasma approximation.

To more intuitively reflect the variation in the validity of the cold
plasma  approximation  with  the  plasma  density,  we  show  the
probability  distributions  of  |log10(Bw_cal/Bw_obs)|  (where Bw_cal and
Bw_obs are,  respectively,  the  calculated  and  observed  magnetic
field  intensities)  in Figures  2d–2f.  The  larger  values  represent
larger  deviations  between  the  calculations  and  observations.  As
the  plasma  density  increases,  the  probability  distributions
become more centralized to the left, indicating greater validity of
the cold plasma dispersion relation. To make this trend clearer, we
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organize the data into two groups (the valid and invalid groups of
the  cold  plasma  approximation)  and  calculate  the  percentage  of
data  occurring  in  each  group.  The  valid  group  is  for  data  with
|log10(Bw_cal/Bw_obs)|  <  0.3  (blue),  meaning  that  the  deviations
between the calculations and observations are within 2 times. The
invalid  group  is  for  data  with  the  ratio  |log10(Bw_cal/Bw_obs)|  >  0.7
(purple),  meaning  that  the  deviations  between  calculations  and
observations  are  larger  than  5  times.  The  statistical  results  show
that the percentage of data in the valid group increases gradually
from 27% in the plasma density range Ne < 4 cm−3 to 34.2% and
37.1%  in  the  plasma  density  range  4  < Ne <  8  cm−3 and Ne >
8  cm−3.  Conversely,  the  percentage  of  data  in  the  invalid  group
decreases  rapidly  from  26.6%  to  8.5%  and  7.2%  as  the  plasma

density  increases.  These changes indicate  that  the validity  of  the

cold  plasma  dispersion  relation  gradually  increases  with  the

plasma  density.  This  signature  can  also  be  further  confirmed  by

the variation in the averaged |log10(Bw_cal/Bw_obs)| with the plasma

density,  whose  value  decreases  rapidly  as  the  plasma  density

increases, as shown in Figure 4a.

To explore where the cold plasma approximation is applicable, we

show  the  global  distribution  of  averaged  |log10(Bw_cal/Bw_obs)|  in

the  L-MLT  domain  in Figures  2g–2i.  Large  deviations  between

calculations  and  observations  are  mainly  distributed  in  the  low-

density  region  from  the  nightside  to  dayside  through  dawnside,

especially  for  those  regions  on  the  low  L-shell  in  the  dawnside,
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Figure 2.   (a–c) Comparisons between the observed magnetic field intensities and those converted from cold plasma theory for lower-band

chorus waves in three different plasma density ranges. The color represents the number of data points in each bin, and the diagonal line

separates the regions where the observed magnetic field intensities are larger (below the line) and smaller (above the line) than those converted.

(d–f) The probability distributions of |log10(Bw_cal/Bw_obs)| in three different plasma density ranges. The percentages of data that occur in three

different ratio groups are shown at the top of each panel. The groups from left to right are parameterized as |log10(Bw_cal/Bw_obs)| < 0.3, 0.3 <

|log10(Bw_cal/Bw_obs)| < 0.7, and |log10(Bw_cal/Bw_obs)| > 0.7. (g–i) Global distribution of averaged |log10(Bw_cal/Bw_obs)| in the L-MLT domain in three

different plasma density ranges.
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suggesting  that  the  cold  plasma  dispersion  relation  is  unreliable
in  these  regions.  As  the  plasma  density  increases,  the  deviations
rapidly  become  smaller  and  the  regions  of  large  deviations
narrow  substantially.  In  addition,  these  features  again  confirm
that  the  validity  of  the  cold  plasma  dispersion  relation  gradually
increases with the plasma density. 

3.2  Substorm Effect on the Validity of the Cold Plasma
Approximation

To  investigate  the  relationship  between  the  validity  of  the  cold
plasma  dispersion  relation  and  the  substorms,  we  organize  the
data  into  three  geomagnetic  activity  levels,  that  is,  quiet  (AE <
100 nT), moderate (100 nT < AE < 500 nT), and active (AE > 500 nT)
conditions (where AE is the auroral electrojet index). Figure 3 illus-
trates the statistical  results in the same figure format as Figure 2.
Similarly,  the  comparison  between  the  observed  magnetic  field
intensities  and  the  calculated  values  in Figures  3a–3c show  that
many  more  data  points  are  distributed  below  the  diagonal  line
than  those  above,  indicating  that  the  observed  magnetic  field

intensities  are  substantially  larger  than those converted for  most
cases. Therefore, the cold plasma approximation is not that appli-
cable in most cases for chorus waves. As the geomagnetic activity
increases,  the  data  points  are  distributed  farther  away  from  the
diagonal  line,  indicating  that  the  validity  of  the  cold  plasma
dispersion relation gradually decreases with the intensification of
substorms,  as  shown in Figures 3d–3f.  The percentage of  data in
the valid group decreases gradually from 34.2% during the period
of quiet conditions to 32.7% and 31.7% during periods of moderate
and  active  conditions,  whereas  the  percentage  of  data  in  the
invalid group increases rapidly from 9.8% to 13.0% and 16.1% as
the geomagnetic  activity  increases.  This  signature can be further
confirmed  by  the  variation  in  the  averaged  |log10(Bw_cal/Bw_obs)|
with the substorm, whose value increases rapidly as the geomag-
netic activity increases, as shown in Figure 4b. As shown in Figures
3g–3i, the regions where the cold plasma approximation is unreli-
able  are  mainly  distributed  from  the  duskside  to  the  dawnside
through the nightside during the active conditions, especially for
those regions on the high L-shell in the nightside. As the geomag-
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Figure 3.   Same as Figure 2 but for different substorm activities.
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netic activity increases, these regions expand substantially in both
the  radial  and  azimuthal  directions.  Therefore,  these  features
again confirm that the validity of the cold plasma dispersion rela-
tion  gradually  decreases  with  the  intensification  of  geomagnetic
activity. 

4.  Electron Scattering Rates
The statistical  results  above clearly  indicate  that  the  cold  plasma
dispersion  relation  for  chorus  waves  is  less  reliable  over  a  wide
region from the nightside to dayside through the dawnside, espe-
cially  for  low-density and active geomagnetic  activity  conditions.
This unreliability probably strongly affects the chorus-driven elec-
tron scattering rates quantified by using the cold plasma dispersion
relation. To investigate the applicability of the cold plasma disper-
sion relation in evaluating the electron scattering rates, we calcu-
late electron scattering rates by using the statistical and theoretical
dispersion  relations  of  parallel  propagating  chorus  waves  and
make a detailed comparison between them. 

4.1  Plasma Density Effect on the Electron Scattering Rates
For representative, Figures 5a–5c present statistical plots of wave
number versus frequency calculated by Equation (14) at L = 5 and
magnetic  latitude (MLAT)  =  12°  in  three different  plasma density
ranges. The L = 5 is chosen because it  is  located within the heart
of the radiation belt, whereas MLAT = 12° is chosen as a represen-
tative  because  calculating  the  bounce-averaged  diffusion  coeffi-
cients  requires  that  the  statistical  dispersion  curves  be  obtained
and fitted at all latitudes where chorus waves occur. In each panel,
the  color  shows the  number  of  data  points  in  each bin,  the  gray
dashed  line  is  the  cold  plasma  dispersion  curve,  and  the  black
solid and blue dashed lines are the averaged dispersion curve and
its fitting value. The averaged dispersion curve does not coincide
with  the  cold  plasma  theory,  that  is,  the  wave  number  obtained
from  the  statistics  is  larger  than  that  computed  from  the  cold
plasma  hypothesis  for  a  given  wave  frequency.  In  addition,  the
discrepancies between the averaged and the cold plasma disper-
sion curves decrease with an increase in plasma density. Thus, the
scattering  rates  calculated  by  using  the  cold  plasma  dispersion
relation will be inaccurate.

Figures  5d–5f show  the  bounce-averaged  electron  pitch  angle
scattering  rates  calculated  by  using  the  cold  plasma  dispersion
relation in three different plasma density ranges. For comparison,

Figures 5g–5i show the corresponding scattering rates calculated
by  using  the  fitted  dispersion  relation.  Compared  with  the  cold
plasma  dispersion  relation,  because  the  wave  number  obtained
from  the  fitted  dispersion  relation  is  larger  for  a  fixed  wave
frequency, the energy of resonant electrons is lower for the fitted
dispersion  relation  in  all  three  different  plasma  density  ranges.
Correspondingly,  as  shown  in Figures  5g–5i,  the  resonant  zone
shifts toward lower energy and larger pitch angles. In addition to
changing  the  resonant  zone,  the  usage  of  the  fitted  dispersion
relation  substantially  changes  the  scattering  rates,  and  this
change is highly energy and pitch angle dependent.

To  quantify  the  deviations  between  the  electron  scattering  rates
calculated  by  using  the  two  dispersion  relations,  we  define  a
quantitative parameter:

Ratio =
⟨Dαα_cold⟩ − ⟨Dαα_fit⟩⟨Dαα_cold⟩ + ⟨Dαα_fit⟩ . (15)

Therefore,  a  value  close  to  1  (−1)  indicates  that  the  scattering
rates  calculated  by  using  the  cold  plasma  dispersion  relation  are
substantially  large  (ignorable  small)  compared  with  those  calcu-
lated by using the fitted dispersion relation.

As shown in Figures 5j–5l, the scattering rates calculated by using
the  cold  plasma  dispersion  relation  are  substantially  larger  at
higher  electron  energies  and  at  smaller  pitch  angles  than  those
calculated  by  using  the  fitted  dispersion  relation.  Furthermore,
the  usage  of  the  cold  plasma  dispersion  relation  substantially
underestimates  the scattering rates  at  low electron energies  and
large pitch angles. Furthermore, a clear tendency can be seen that
the area with pronounced discrepancies between these two scat-
tering  rates  (|ratio|  >  0.5)  rapidly  narrows  as  the  plasma  density
increases.  These  discrepancies  can  be  seen  more  clearly  by  the
color-coded  line  plots  shown  in Figures  5m–5o for  three  given
energies (i.e.,  50, 100, and 500 keV).  Compared with the usage of
the fitted dispersion relation, the usage of the cold plasma disper-
sion  relation  overestimates  the  pitch  angle  scattering  rates  at
small pitch angles and underestimates those at large pitch angles
for  all  three  given  electron  energies  in  all  three  different  plasma
density ranges. Overall, the discrepancies between these two scat-
tering rates are less appreciable for all three given electron energies
with the plasma density increasing, which can reach more than 2
orders  of  magnitude in  the  plasma density  range of Ne <  4  cm−3

and  rapidly  drop  down  to  several  times  in  the  plasma  density
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Figure 4.   Distributions of |log10(Bw_cal/Bw_obs)| as a function of (a) the plasma density and (b) the geomagnetic activity.
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Figure 5.   Comparison between the statistical and cold plasma dispersion relations together with the bounce-averaged electron pitch angle

scattering rates calculated by them in three different plasma density ranges. (a–c) The statistical plot of wave number versus frequency calculated

by Equation (14) at L = 5 and MLAT = 12°. The bounce-averaged electron pitch angle scattering rates calculated by using (d–f) the cold plasma

dispersion relation and (g–i) the fitted dispersion relation as a function of pitch angle and electron energy. (j–l) The ratio in the same format as (d)

to (i). (m–o) Line plots of bounce-averaged electron pitch angle scattering rates when using the cold plasma (solid lines) and fitted (dashed lines)

dispersion relations for the three indicated electron energies. In (a) to (c), the color shows the number of data points in each bin, the gray dashed

line is the cold plasma dispersion curve, and the black solid and blue dashed lines are, respectively, the averaged dispersion curve and its fitting

value.
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range Ne > 8 cm−3. 

4.2  Substorm Effect on the Electron Scattering Rates
Figure  6 shows  the  effect  of  substorm  activities  on  the  bounce-

averaged electron scattering rates in the same format as Figure 5.

As  shown in Figures  6a–6c,  the  wave number  obtained from the

statistics  is  larger  than  that  computed  from  the  cold  plasma

hypothesis for a given wave frequency. The comparison between

Figures  6d–6f and Figures  6j–6l shows  large  discrepancies  in  the

bounce-averaged electron pitch angle scattering rates calculated

by using the cold plasma dispersion relation and the fitted disper-

sion  relation,  consistent  with  the  results  of  the  ratio  in Figures

6j–6l.  Additionally,  a  clear  tendency  exists,  namely,  that  the  area

with  pronounced  discrepancies  between  these  two  scattering

rates  (|ratio|  >  0.5)  rapidly  expands  as  the  geomagnetic  activity

increases.  These  discrepancies  can  be  seen  more  clearly  in  the

color-coded line plots shown in Figures 6m–6o for the three given

energies (i.e.,  50, 100, and 500 keV).  Compared with the usage of

the fitted dispersion relation, the usage of the cold plasma disper-

sion  relation  overestimates  the  pitch  angle  scattering  rates  at

small  pitch  angles  and  underestimates  those  rates  at  large  pitch

angles  for  all  three  given  electron  energies  in  all  three  different

geomagnetic activity conditions. 

5.  Conclusions and Discussion
In this study, by using the Van Allen Probe observations from 2012

to 2018, we investigate the validity of the cold plasma dispersion

relation  for  different  plasma  density  ranges  and  geomagnetic

activity  levels.  By  fitting  the  data-based  dispersion  relation,  the

electron  bounce-averaged  pitch  angle  scattering  rates  are  calcu-

lated, which are compared with those calculated by using the cold

plasma approximation. The main conclusions can be summarized

as follows:

(1)  Overall,  the  observed  magnetic  field  intensities  of  the  chorus

waves  are  larger  than  those  calculated  from  the  cold  plasma

dispersion relation. The comparison between these two intensities

shows  that  the  validity  of  the  cold  plasma  dispersion  relation

decreases  with a  decrease in  plasma density  or  an enhancement

of geomagnetic activity.

(2) The regions where the cold plasma dispersion relation is unre-

liable are mainly concentrated in the nightside,  and they expand

in  both  the  radial  and  azimuthal  directions  as  the  geomagnetic

activity intensifies or the background plasma density decreases.

(3) Substantial differences are found in the electron bounce-aver-

aged pitch angle scattering rates calculated by the fitted and cold

plasma  dispersion  relations.  Specifically,  the  usage  of  the  cold

plasma  dispersion  relation  not  only  overestimates  the  minimum

resonant  energy  but  also  significantly  underestimates  (overesti-

mates)  the  scattering  rates  at  low  (high)  electron  energies  and

large  (small)  pitch  angles.  These  differences  become  more

pronounced as the electron density decreases or the geomagnetic

activity intensifies.

The presence of warm or hot electrons may cause the deviation of

the real dispersion relation from the cold plasma dispersion relation

for  the  chorus  wave.  Theoretically,  the  cold  plasma  dispersion

relation  is  less  reliable  if  the  warm  or  hot  electrons  are  richer

(Chen  LJ  et  al.,  2013).  Generally,  the  proportion  of  warm  or  hot

electrons  is  greater  in  regions  with  lower  electron  densities  and

results  in  lesser  validity  of  the cold plasma dispersion relation.  In

addition,  many more warm or hot electrons are injected into the

chorus  source  regions  from  the  plasma  sheet  as  the  substorm

activity intensifies. Thus, the percentage of warm or hot electrons

is greatly enhanced, which accounts for the serious breakdown of

the cold plasma dispersion relation during periods of geomagnetic

disturbance.  The  warm  or  hot  electrons  are  injected  from  the

nightside  and  drift  toward  noonside  through  the  dawnside,

resulting  in  an  increase  in  their  proportion  in  these  regions.

Consequently, the cold plasma dispersion relation is more unreli-

able  in  these  regions,  consistent  with  the  statistical  results  in

Figures  2g–2i and Figures  3g–3i.  In  addition  to  the  warm  or  hot

electrons, the cold plasma approximation of the background elec-

tron plasma, namely, whether the electrons can be assumed to be

cold,  may  be  another  potential  contributor  to  the  deviation.

However,  the  deviation  coming  from  this  approximation  is  not

important here because such a deviation is mainly located at high-

frequency regions (e.g., >0.8 fce at L = 5 for Ne = 10 cm−3), which is

beyond the frequency range of our study (not shown here).

In this study, a detailed analysis of the validity of the cold plasma

dispersion  relation  for  chorus  waves  is  carried  out  based  on  the

observed  data.  Nevertheless,  it  should  be  noted  that  the  plasma

density  inferred  from  the  upper  hybrid  resonance  frequency  is

inaccurate because of the accuracy limitation of the instrumental

measurement  and  the  inaccurate  identification  of  the  upper

hybrid  resonance  frequency.  In  addition,  wave  detection  can  be

affected by the sheath impedance effects between the sensor and

the  surrounding  plasma.  These  two  factors  will  affect  the  test  of

the validity  of  the cold plasma dispersion relation and should be

taken into account in the future.

It  should  be  noted that  large  deviations  occur  at  a  low L-shell  in

the  dawnside  regions  when  the  plasma  density  lowers  to  more

than 4 cm−3,  as  shown in Figure 2g.  It  is  probably caused for  the

following  reason.  Generally,  the  plasma  density  decreases  expo-

nentially with an increasing L-shell. However, the statistical results

show that the plasma densities at low L-shells are very low, even

comparable to those at high L-shells. This indicates that the plas-

masphere is substantially eroded and that the geomagnetic activity

is probably at a higher level during the measurements at lower L-

shells.  Stronger  geomagnetic  activity  raises  the  proportion  of

warm  or  hot  particles,  resulting  in  more  substantial  deviations

from the cold plasma approximation in the low L-shell regions. 
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Figure 6.   Same as Figure 5 but for different substorm activities.
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