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Key Points:

e In this work, we assessed the performance of different computerized ionospheric tomography methodologies with optimized

observation network designations.

e All tomography technologies failed to reproduce the targeted height of the F, peak electron density (hF,) when the initial states

differed substantially.

e The multiplicative algebraic reconstruction technique (MART) performed better than the algebraic reconstruction technique (ART)
and the simultaneous iterative reconstruction technique (SIRT) under well-specified h,F, conditions in the initial state.
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Abstract: The algebraic reconstruction technique (ART), multiplicative algebraic reconstruction technique (MART), and simultaneous
iterative reconstruction technique (SIRT) are computational methodologies extensively utilized within the field of computerized
ionospheric tomography (CIT) to facilitate three-dimensional reconstruction of the ionospheric morphology. However, reconstruction
accuracy elicits recurrent disputes over its practical application, and people usually attribute this issue to incomplete and uneven
coverage of the measurements. The Thermosphere lonosphere Electrodynamics General Circulation Model (TIEGCM) offers a reasonable
physics-based ionospheric background and is widely utilized in ionospheric research. We use the TIEGCM simulations as the targeted
ionosphere because the current measurements are far from able to realistically reproduce the ionosphere in detail. Optimized
designations of satellite measurements are conducted to investigate the limiting performance of CIT methods in ionospheric
reconstruction. Similar to common practice, electron density distributions from outputs of the International Reference lonosphere (IRI)
model are used as the iterative initial value in CIT applications. The outcomes suggest that despite data coverage, iterative initial
conditions also play an essential role in ionospheric reconstruction. In particular, in the longitudinal sectors where the iterative initial
height of the F,-layer peak electron density (hyF5) differs substantially from the background densities, none of the three CIT methods can
reproduce the exact background profile. When hF; is close but the ionospheric F,-layer peak density (NmF>) is different between the
targeted background and initial conditions, the MART performs better than the ART and SIRT, as evidenced by the correlation coefficients
of MART being above 0.97 and those of ART and SIRT being below 0.85. In summary, this investigation reveals the potential uncertainties
in traditional CIT reconstruction, particularly when realistic hyF, or NyoF, values differ substantially from the initial CIT conditions.
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Plain Language Summary

Computerized ionospheric tomography (CIT) is widely used for
reproducing ionosphere electron density distributions, which are
primarily facilitated by advances in the global navigation satellite
system (GNSS). Because of insufficient GNSS measurements, the
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ionospheric reconstructions obtained through tomographic tech-
niques invariably harbor uncertainties, constraining their practical
applications, particularly scientific ones. The question is then
whether tomography utilizing comprehensive observations
would possess the capability to precisely reconstruct the iono-
sphere. To address this problem, the present study uses the Ther-
mosphere lonosphere Electrodynamics General Circulation Model
(TIEGCM) simulation to construct a physics-based ionospheric
background and devises a GNSS-ground network to ensure
exhaustive observational coverage. The study uses this method-
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ological framework to evaluate the efficacy of various tomographic
techniques for ionospheric reconstruction. The findings reveal
that, alongside the uneven spatial distribution of GNSS measure-
ments, the selection of initial iteration values exerts a notable
influence on the accuracy of the resultant tomographic recon-
structions. These insights carry important implications for advanc-
ing the efficacy of ionospheric tomographic methodologies in the
future.

1. Introduction

The ionosphere ranges from 60 to 1000 km and is filled with
charged particles, which affect the radio signals passing through
it. Driven nonlinearly by the solar-terrestrial space environment,
the ionosphere exhibits complex variabilities (Wan X et al., 2021).
lonospheric monitoring benefits comprehensive fields of commu-
nication, navigation, and space weather modeling and forecasting
(Xiong C et al., 2016, 2020; Luo XM et al., 2018). Among multiple
methodologies, computerized ionospheric tomography (CIT) is
used to reconstruct the ionosphere based on satellite-ground
radio signature measurements, as first reported by Austen et al.
(1988) and widely used ever since.

With the completion and success of the global navigation satellite
system (GNSS), CIT has entered a new stage of all-weather and all-
time availability, providing comprehensive data for reconstructing
the ionospheric electron density (Ssessanga et al,, 2021; Hu TY et
al., 2024). Prol et al. (2021), for instance, performed global-scale
tomography with the GNSS data at more than 2700 stations to
explore the ionospheric variability during the geomagnetic distur-
bance period, and Song R et al. (2021) used datasets collected by
800 GNSS ground-based receivers located at 25°N to 50°N and
125°E to 150°E to detect ionospheric disturbances in Japan.
However, an ill-posed problem is engendered by the incomplete
coverage of the measurements (Lu WJ et al,, 2021a). To solve the
ill-posed problem, Yao YB et al. (2020) restricted the initial iono-
spheric electron density by using the inverse distance weighted
interpolation, thereby ensuring the smoothness of the recon-
structed region. Wen DB et al. (2020) proposed a new approach by
imposing a horizontal and vertical smoothing constraint on the
tomography system to improve the accuracy of the CIT. Many
efforts were also made to increase the observations for full cover-
age to address the ill-posed problem. Chen BY et al. (2019) and Lu
WJ et al. (2021b) created virtual reference stations to deduce the
GNSS rays, and their findings suggested a significant decrease in
the slant total electron content (sTEC) errors. Ren XD et al. (2021)
incorporated data from low-earth-orbit satellites to improve GNSS-
based CIT, which reduced the root mean square errors of the sTEC
by 15% and 20.3% at most during low and high solar activity
years, respectively.

The question is now whether CIT can rebuild the ionosphere with
complete coverage of the measurements. Previous studies have
typically assessed CIT reconstructions by using the total electron
content (TEC). However, assessments of CIT rebuilding in the verti-
cal profiles are lacking, which results in questionable effectiveness
of the increasing observations. The function of CIT is to obtain a
designed ionosphere by modulating the initial background to be
consistent with the radio observations (Bruno et al.,, 2020). The

initial ionospheric state would be expected to play a vital role in
the CIT operation (Wang Cetal,, 2021).Ou Metal. (2012) integrated
the International Reference lonosphere (IRI) model and ionosonde
data and used it as the initial CIT input. They demonstrated superior
performance compared with that using the original IRl model.
Wang C et al. (2021) assimilated the ionosonde data with ground-
based radar measurements to obtain the initial condition for CIT,
which led to a substantial enhancement in ionosphere reconstruc-
tion. Jin SG and Li D (2018) decreased the standard deviation
(STD) in the TEC by more than 20% by updating the initial iono-
spheric states, and Wen DB et al. (2012) confirmed this expecta-
tion. Thus, the limitations of CIT reconstruction solely through
increased measurements require further comprehensive assess-
ments.

To achieve the purpose of quantifying limitations, in this work we
first construct a physics-based ionospheric environment from the
Thermosphere lonosphere Electrodynamics General Circulation
Model (TIEGCM) simulation, and then design a virtual GNSS-
ground network to obtain measurements of full coverage to
circumvent the ill-posed problem mentioned. The constructed
measurements are derived by accumulating free electron densities
along the radio paths, and consistent with conventional practices,
the IRI model computations are utilized to provide the initial itera-
tive conditions for CIT reconstruction. Widely used CIT methods,
namely the algebraic reconstruction technique (ART), the multi-
plicative algebraic reconstruction technique (MART), and the
simultaneous iterative reconstruction technique (SIRT; Das and
Shukla, 2011; Nandi and Bandyopadhyay, 2015; Prol et al., 2017),
are used to rebuild the targeted ionosphere, and the performance
of each is further assessed. Our results indicate that the initial
conditions during the CIT procedure play an essential role, and
they highlight the potential risk of the monitoring application.

2. Methodology

2.1 Background lonosphere from the TIEGCM

In this study, the TIEGCM simulation serves as the background
ionosphere, and IRl outputs provide the initial states for CIT. The
TIEGCM is a physics-based model simulating reasonable variability
in the ionosphere-thermosphere system (Qian LY et al., 2014). The
virtual measurements of the sTEC, the critical parameter in
tomography, are then expressed as follows:

S
STEC = / N, - ds, M
R

where the electron density N, is along the ray path between the
satellite and the ground receiver. However, because the iono-
sphere is divided into grids during the CIT procedure, the expres-
sion of the sTEC derivation is revised as follows:

m
STEC, = Z a;jNe, @
j=1

where sTEC; is the ith GNSS measurement, for i = 1,2,..n, and the
number of GNSS measurements is n; g;; is the intercept through
which the ray path of sTEC; crosses in the jth grid, where g;; = 0 if
STEC; does not intercept the jth grid, forj=1,2,..m; Ne; is the elec-
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tron density in the jth grid; and the total number of grids is m.

Figure 1 is a schematic diagram of the optimized design of data
coverage. In actual GNSS observations, the regions without GNSS
rays passing through them create data gaps that lead to ill-posed
problems in CIT, and the nonuniform distribution affects the
weight allocation in CIT. Thus, the GNSS network in this study is
designed to be completely covered and uniformly distributed to
avoid these issues. To reduce the computational complexity, this
study concentrates on the region of the equator. The satellites
and ground receivers are positioned at the equator and several
longitudinal degrees apart. Consequently, the ill-posed problem
could be settled. Notably, this study concentrates on the perfor-
mance of CIT during magnetic quiet periods, and the situation
under disturbance conditions will be investigated in the future.

2.2 CIT Algorithms

Austen et al. (1988) proposed the ART, which performs the
tomography by linearly assimilating the initial ionosphere with
the observations. The iteration procedure can be expressed as
follows:

m
k
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The subscripts i, j, and m are the same as those in Equation (2); a;
is the column vector containing element g;;, meaning the inter-
cepts that the ray path of sTEC; transverses in the meshed region;
A is the relaxation parameter, with 0 < A < 1; y; is the ith measure-
ment of the sTEC; and x* is the column vector containing xﬁfj. In
the kth iteration, xf-fj signifies the electron density within the jth

m
grid, as updated after processing the ith ray. The term y, — Z a,-,jxfj
j=1

i=2
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is the discrepancy of the iterations from the measurements. The
function of this algorithm is to redistribute the discrepancy
linearly in each grid in proportion to the intercept length of grids
along the ray path. The iteration will be performed through all the
measurements one by one several times until convergence is
achieved.

Compared with the ART, the MART is an entropy-optimization
algorithm based on the following nonlinear iterations:
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Equation (4) is similar to Equation (2),

except that the term

m
vil ¥ a,-,jxfj is the ratio between the measurements and iterations,

Jj=1
and Equation (5) provides further details. The MART assimilates
the measurements with the initial condition in a multiplicative
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Figure 1. Schematic diagram of the optimized design of data coverage.
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way and has the advantage that it guarantees nonnegative recon-
struction. Raymund et al. (1990) introduced the MART algorithm,
and many scholars have proposed modifications with similar
effectiveness (Tang J et al,, 2015; Prol and Camargo, 2016). In the
present work, the original MART algorithm is used as a representa-
tive to reconstruct the ionosphere.

The SIRT was developed from the ART and is well suited for parallel
implementation because it displays a comparably faster conver-
gence (van Dijke et al., 1992). The iteration is expressed as follows:

m
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Again, the parameters here are the same as the ones above, but le-(
is different from those in Equations (3) and (4). Unlike the ART,
which iterates the measurements individually, SIRT assimilates all
the measurements simultaneously for each iterative loop (Bust
and Mitchell, 2008). A more detailed comparison is given in
Table 1.

Table 1. Detailed comparison of CIT algorithms.

Algorithm Processing Reference
Assimilates GNSS rays one by one through Austen et al.
ART . . .
linear iteration (1988)
Assimilates GNSS rays one by one through  Raymund et al.
MART . . .
nonlinear iteration (1990)
SIRT Assimilates GNSS rays simultaneously van Dijke et al.

through linear iteration (1992)

3. Results and Discussion

This section describes the performance of the three CIT algo-
rithms. The TIEGCM simulates the target equatorial ionosphere at
10:00 universal time (UT) on January 1, 2007, when the solar and
geomagnetic conditions are quiet, with Fyo7 (solar radio flux at
10.7 cm) being 87 solar flux units and the Ap index being 7,
respectively. The altitude covers a range between 100 and
500 km, and the ionosphere is gridded with resolutions of 1° in
longitude and 10 km in height. Thus, the total number of grids is
14,400. The GNSS satellites are designed to be located at the
equator 20,000 km away from the Earth’s center. The longitudinal
interval is 2° for the satellite network and 0.5° for the receivers. In
this way, we can obtain 40,860 measurements simultaneously,
and the ill-posed problem will not affect the final reproduction.

Figure 2 compares the target ionosphere and CIT outcomes. As
shown in Figure 2a, the target ionosphere is enhanced at 250-
450 km, displaying a substantial altitudinal dependence. Mean-
while, the electron density decreases to a minimum until approxi-
mately —60°, then increases to a peak at approximately 120°.
These characteristics are related to day-night ionospheric evolu-
tion and are consistent with the present shared understanding.
The CIT outcomes in Figures 2b-2d reproduce the climatological
behavior of the ionosphere but do not capture the small-scale

variability. For instance, the maximum near 120° in the ART repro-
duction (Figure 2b) is lower than that of the target ionosphere at
the exact longitude, and the peak altitudes in the ART are compa-
rably lower than those in the TIEGCM. The MART and SIRT
outcomes in Figures 2c and 2d show performance similar to that
of the ART. However, the difference is that the peak altitudes in
the ART reproduction in the nighttime, within longitudes from
—120° to —90°, disappear, which does not happen in the perfor-
mance of MART or SIRT.

Figure 3 compares the average profiles and STDs of the residuals
from the TIEGCM. As shown, the average profile of the TIEGCM
(solid black line) peaks at 360 km. However, the vertical profiles of
the CIT reconstructions and the IRl model are similar, and they
peak at 330 km, which is significantly different from the TIEGCM.
The error bars in Figure 3 indicate differences of the CIT outcomes
and the IRl model from the TIEGCM simulation. The IRl model
obviously has more excellent STDs than the CIT outcomes, which
suggests an improvement when using the CIT methodology to
rebuild the ionosphere. Furthermore, the minimal STDs indicate
that the MART performs better than the ART and SIRT. However,
all the CIT outcomes are more or less similar to the IRl model,
demonstrating a significant dependence of the CIT iteration on
the initial condition.

The indication that the initial value plays an essential role is also
demonstrated in Figure 4, which presents in detail the differences
of the IRl model and the CIT results from the targeted ionosphere
as functions of longitude and altitude. As shown in Figure 4a, the
result of the IRl model is generally lower than that of the TIEGMC
simulation in the nighttime, especially at the altitudinal ranges of
250-450 km. In contrast, the IRl computation near a 300-km alti-
tude is higher than that of the TIEGCM in the daytime. Thus, the
gap between the initial condition of the iteration and the final
target is noticeable. However, characteristics of IRl residuals also
occur in the CIT situations (Figures 2b-2d), except that the magni-
tude is substantially reduced. These CIT methodologies can
decrease the deviations but fail to reshape the vertical structure to
meet the target, again indicating that the initial condition is
essential during the iteration.

Figure 5 depicts the vertical profiles from both models and the CIT
results at typical longitudes. The selection of the three longitudes
is primarily based on the differences in critical parameters of h\F,
and Ny F, between the initial tomography values and the target
ionosphere. For instance, at —120° longitude, the discrepancy in
NnF2 between the IRI model and the TIEGCM is substantial,
whereas it is small in h,F,. A considerable discrepancy occurs at
—20° longitude in both hF, and N\F,. However, at 80° longitude,
the discrepancy exists mainly in h,F,. At a longitude of —120°
(Figure 5a), the profile from TIEGCM peaks at 310 km with the
NmF, of 2.75 x 10" el/m3, whereas the IRI profile also peaks at
310 km but with a different magnitude of 0.56 x 10'" el/m3. In this
case, the rebuilt h,F, equals the target ionosphere (black line),
whereas the N,F, does not, except for the reconstruction by the
MART. Moreover, it is abnormal for the electron density at the top
of the profile section to become unusually large in ART rebuilding.
At the longitude of —20° (Figure 5b), the profile from TIEGCM
peaks at 350 km with the NyF, of 4.61 x 107 el/m3. Meanwhile,
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Figure 2. Comparison between the target ionosphere and CIT outcomes. (a) The target ionosphere from the TIEGCM and (b-d) for the outcomes

from the ART, MART, and SIRT reconstructions, respectively. The red and blue lines under the x-axes represent daytime and nighttime.
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Figure 3. The comparison in vertical profiles. The solid black line
denotes the average profile of the TIEGCM. The gray, red, blue, and
yellow lines are for the IRI model and the ART, MART, and SIRT,
respectively. The error bars denote the standard deviations (STDs) of
the residuals from the TIEGCM at each altitude.

the IRI profile peaks at an altitude of 300 km, but the peak magni-
tude is comparably higher, at 6.18 x 10" el/m3. In this situation,
the profile peaks of the ART, MART, and SIRT are consistent with

that of the IRI model, whereas the Ni,F, values of the CIT profiles
are generally lower than that of the IRI model. As in the case of 80°
longitude given in Figure 5¢, the TIEGCM profile peaks at 370 km
with the NhF, of 8.23 x 10" el/m3, whereas the IRl peak occurs at
330 km with the peak density of 8.20 x 10'" el/m3. Thus, the IRI
hmF> differs from the TIEGCM value, but Ny,F; is similar in the two
models. In this instance, the NzF> and h,F> of all CIT reconstruc-
tions are consistent with IRl model values.

Previous investigations have indicated that the initial values from
the IRI model substantially influence the outcomes of CIT. In the
ensuing discussion, we investigate how NyF, and hpF, evolve
throughout iterations initiated from the IRl model, and Figure 6
displays this in the ART. At the longitude of —120° (Figure 6a), the
first iteration result is similar to the IRI, except for the linearly
enlarged magnitude in the electron density along the entire
profile. However, this vertical profile becomes unreasonable
during the iteration in which the profile peak disappears, so the
variations in the difference between N,F, and h,F, are not illus-
trated in Figures 6d and 6g. At the longitude of —20° (Figure 6b),
the first iteration profile of ART is again similar to that of the IRI
model, and the profile of the higher order iteration shows little
change. Figure 6e gives the Ni,F, deviations from the target of the
TIEGCM as a function of the iteration order, and the relative devia-
tion decreases from 34.14% to near zero. Figure 6h exhibits the
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and (b-d) for the ART, MART, and SIRT reconstructions, respectively.
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Figure 5. Comparison of vertical profiles at longitudes of (a) —120°, (b) —20°, and (c) 80°. The solid black line denotes the vertical profile of the
TIEGCM, and the dashed gray line indicates the IRl model. The solid lines in red, blue, and yellow are identical for the ART, MART, and SIRT,

respectively.

evolution of hyF,, and despite the 10-km change in the first itera-
tion (because of the vertical resolution in this work, and likewise
hereafter), the hynF, gap remains the same for all iterations. At the
longitude of 80° (Figure 6c¢), the iteration profiles are much the
same as the IRl result, even though the peak altitude is different
between the IRl model and the target. Figures 6f and 6i support
this examination.

Figures 7 and 8 depict the performance of MART and SIRT at the

specified longitudes. A notable distinction at the longitude of
—120° is that MART performs better than ART and SIRT, as
evidenced by the comparably low deviation in NyF, and hyF,
from the TIEGCM target in Figures 7d and 7g. The relative deviation
of Ni\F during the iteration moves from —79.59% to approximately
—5% (Figure 7d), but h,F, remains the same throughout the
entire iteration procedure (Figure 79g). In Figures 8a-8c, the SIRT
profiles of the first iteration have peak altitudes similar to those in
the initial state, with the modulations existing only in the magni-
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Figure 6. Comparisons of vertical profiles from the 1st and 200th iterations at longitudes of (a) —120°, (b) —20°, and (c) 80°. The solid black line
represents the vertical profile of the TIEGCM, whereas the dashed gray line corresponds to the IRl model. The dashed and solid red lines depict
the profiles from the 1st and 200th iterations of the ART, respectively. Furthermore, differences in (d-f) Ny F> and (g-i) hnF, are compared

between each iteration of the ART and the TIEGCM results. Concurrently, the value at 0 on the x-axis is the difference between the TIEGCM and

the IRI model.

tudes, and no significant changes occur in the following itera-
tions. The patterns in the rest denote the variations in N,F, and
hmF> during the iterations, which suggest an excellent but biased
convergence.

The examinations above suggest that the initial condition plays a
vital role within the CIT iterations at the typical longitudes; hence,
Figure 9 further provides details over all longitudes. Figures 9a
and 9b display differences in Ny,F, and hnF, respectively,
between the target background (TIEGCM) and the initial condition
(IRI). At longitudes ranging from —160° to —60°, the N\F, values of
the IRl model are smaller than those of the TIEGCM, and the h,,F»
values for the IRl and the TIEGCM are comparable. Within the
longitudes from —40° to 0°, the N F, values of the IRl are greater,
but the hyF, values are more minor, respectively, compared with
those of the TIEGCM. At the longitude interval between 50° and
180°, the N F, values of the IRI and TIEGCM are comparable. In
contrast, the hy,F, values are smaller in the IRl than the TIEGCM,
indicating a substantial gap between the target ionosphere and
the initial conditions. Figure 9d shows that the difference in NpF,
is significantly reduced after CIT reconstruction. Notably, at longi-
tudes between —121° and —80°, the vertical profiles of ART are
unreasonable, as previously seen in Figure 6, so the differences in
this interval are not displayed. Figure 9e is similar to Figure 9d, but
for the differences in hy,F2. As shown, the h,F; variations are similar

to those in Figure 9b, suggesting that CIT is ineffective in reducing
the hiF, gap. Figure 9c¢ presents the correlation coefficients of the
vertical profiles of CIT results from the TIEGCM across all longi-
tudes. As shown, the correlation coefficients for ART and SIRT
underwent a significant drop in the nighttime of the longitude
interval from —180° to —120°, reaching their lowest values of 0.67
and 0.84, respectively. In contrast, MART consistently maintained
correlation coefficients above 0.97. The correlation coefficients for
ART, MART, and SIRT are comparable for the other longitudes.

The findings above indicate that the initial values had a substantial
impact on the CIT outcomes. Some might dispute whether this
study is suitable for actual applications. It should be pointed out
that the initial conditions derived from the IRI are widely used in
CIT, and indeed, discrepancies between the actual ionosphere
and empirical model outputs are expected, especially during
geomagnetic storms. Thus, the initial condition with high precision
for tomography benefits the ionospheric reconstruction and its
practical applications. In addition to the accuracy of model devel-
opment, previous investigations have suggested that the h,F,
values can be obtained well from occultation measurements (Tsai
et al., 2002; Chen P et al., 2017). Thus, blending the occultation
results is expected to shed light on the CIT reconstruction, and
this will be investigated in the future.
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Figure 9. Comparison between the initial value (IRl), target (TIEGCM), and CIT result as a function of longitude (a, d) for NmF, (b, e) for hyF2, and
(c) for the correlation coefficient. Differences between (a, b) the TIEGCM and IRl results and (d, e) the TIEGCM and CIT results. The gray lines
denote differences in the IRl from the TIEGCM, and the red, blue, and yellow lines represent differences in the ART, MART, and SIRT from the

TIEGCM, respectively.

4. Conclusions

In this study, we used a virtual environment derived from the
TIEGCM as the backdrop for our ionospheric investigations. An
equator observational network of GNSS with longitudinal intervals
of 0.5° and 2° for receivers and satellites was designed to ensure
comprehensive coverage of measurements, thereby resolving the
ill-posed problem inherent in the CIT procedure. Three tomogra-
phy methods, the ART, MART, and SIRT, were used to reconstruct
the target ionospheric electron density distribution. The results
indicated that conventional tomography captures the general
character of the target ionosphere but not the small-scale varia-
tions. For instance, all CIT reconstructions failed to reduce the
hmF, difference between the initial value and the target iono-
sphere. Furthermore, in the case of hy,F, being comparable, the
difference in NiF, also affects the ability of tomography to recon-
struct the vertical ionospheric structures, except for the MART
methodology. This work highlights the importance of the reference
during iterations, although more effects are required to improve
the accuracy of conventional tomography for the ionosphere.
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