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Abstract: The Sq (solar quiet) geomagnetic field is generated by the electric currents in the E-region of the ionosphere, driven by the
atmospheric tides. It is a critical part of high-precision geomagnetic field modeling. Based on the classic thermal tide theory and
atmospheric electrodynamics, this research, for the first time, developed an Sq geomagnetic field model that is directly built on the
physical mechanism of the ionospheric dynamo, which is responsible for daily variations of the geomagnetic field. The performance in Sq
geomagnetic field modeling was investigated using the Macau Science Satellite-1 (MSS-1) data. Our model can enhance the
physics-based framework of comprehensive geomagnetic field modeling for the MSS-1 and ensuing missions.
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1.  Introduction
The geomagnetic field plays a significant role in both geoscientific

research and practical  applications.  The investigation and utiliza-

tion  of  the  geomagnetic  field  rely  on  the  precise  measurements

and  physical  modeling.  The  Macau  Science  Satellite-1  (MSS-1)

mission launched in 2023 provides the unprecedentedly accurate

geomagnetic  measurements  for  the first  time in  China (Zhang K,

2023). A key step of the physical modeling is the decomposition of

the geomagnetic field from various sources. With the geomagnetic

measurements provided by MSS-1, many researches have focused

on  the  separation  and  analysis  of  geomagnetic  field,  originated

from different regions, including the Earth’s liquid core (Yao HB et

al., 2025a), the mantle and curst (Ren ZY et al., 2025a; Yao HB et al.,

2025b),  the ocean tides (Ren ZY et  al.,  2025b),  and the magneto-

sphere (Wang YB et al., 2023).

In addition to the regions mentioned above, the ionosphere also

contributes  to  the  geomagnetic  field.  The  Earth’s  ionosphere

exhibits a complex conductivity structure mainly due to the solar

radiation.  The  ionospheric  currents,  generated  by  the  dynamo

process on the dayside of the E-region of ionosphere from 90 km

to 150 km in altitude, are responsible for the daily variations of the

geomagnetic  field  that  could  be  measured  by  MSS-1.  The  solar
quiet  (Sq)  geomagnetic  field  is  one  of  the  most  significant  daily
variations  generated  by  the  ionospheric  currents  (Matsushita,
1968; Campbell, 1989). The Sq geomagnetic field is enhanced near
the  magnetic  equator  due  to  the  contributions  of  the  equatorial
electrojet  (EEJ)  (Chapman,  1951).  The  variations  of  ionospheric
currents  can  also  induce  electric  currents  in  the  upper  mantle
(Schmucker, 1970), which generate an induced geomagnetic field
that  contributes  to  the  daily  variations  of  geomagnetic  field.
Besides  the Sq geomagnetic  field,  another  daily  variation  of  the
geomagnetic field is the lunar variation, denoted as L,  that is also
generated  by  the  ionospheric  dynamo  and  changes  with  the
phase of the moon (Campbell, 1980). Yamazaki and Maute (2017)
gives  a  thorough  review  on  daily  variations  of  the  geomagnetic
field caused by ionospheric dynamo currents.

nT

As the strength of Sq geomagnetic field is usually on the order of
a  few  tens  of  nano  tesla  ( )  at  the  altitute  of  LEO  statellites,  its
contribution  to  the  total  geomagnetic  measurements  must  be
taken into account in high-precision geomagnetic field modeling.
During  the  CHAMP  and  Swarm  missions  (Olsen  et  al.,  2013),  the
Dedicated  Ionospheric  Field  Inversion  (DIFI)  chain  algorithm
(Chulliat et al., 2013, 2016; Sabaka et al., 2020) has been developed
to  successfully  separate  and  study  the Sq geomagnetic  field.
Although  the  DIFI  algorithm  was  built  on  the  quasi-dipole
symmetric  basis  functions  (Richmond,  1995; Emmert  et  al.,  2010)
that reflect the conductivity structure of the ionospheric E-region
(Sabaka  et  al.,  2020),  the  physical  mechanism  of  ionospheric
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dynamo was missing in the inversion of the Sq geomagnetic field.

The physical mechanism of the ionospheric dynamo that generates
the Sq geomagnetic field is extremely complex. In the ionospheric
dynamo region, the plasma flow, driven by the collisions between
neutral  and  charged  particles  (Vasyliūnas,  2012; Yamazaki  and
Maute, 2017), produces an electric field, which in turn leads to the
magnetic  field  perturbation  according  to  the  Faraday’s  law.  The
deformation  of  the  magnetic  field  perturbation  again  produces
the ionospheric currents through the Ampère’s law that generate
the Sq and  other  daily  variations  of  geomagnetic  field.  As  the
timescale of geomagnetic field modeling is much longer than the
ionospheric  response  time,  the  steady  state  assumption  is  valid,
under  which the electric  field  and currents  in  the E-region are  in
equilibrium  with  the  velocity  of  neutral  wind-driven  motions.
Consequently,  both  the  electric  field  and  the  velocity  of  neutral
wind that interacts with the background geomagnetic field in the
ionosphere,  where  the  electric  conductivity  is  highly  anisotropic,
produce the ionospheric currents that result in the daily variations
of geomagnetic field.

The neutral  wind can be treated as tidal oscillations of the atmo-
sphere, driven by the thermal forcing from the sun and the gravi-
tational  influences  of  the  moon.  In  fact,  atmospheric  tides  are
coupled  with  the Sq and L variations. Kato  (1956, 1957, 1966)
found that the electric currents that generate the Sq geomagnetic
field  are  mainly  driven  by  the  negative-mode  diurnal  tide.  The L
variations  are  related  to  the  lunar  tides  (Campbell,  1980).  The
atmospheric tides are usually classified, at least,  into semidiurnal,
diurnal,  seasonal,  interannual  and  annual  tides,  each  of  which
exhibits distinct temporary period and spatial structure (Forbes et
al., 2008; England, 2012). The background geomagnetic field, that
interacts with the velocity of neutral winds, is primarily dominated
by the main field generated in the liquid core of Earth, and under-
goes secular (Bloxham et al., 1989) and other variations. Since the
atmospheric tides and the background geomagnetic field vary at
various temporary and spatial scales, the resulted Sq geomagnetic
field  becomes  extremely  complex.  Therefore,  it’s  challenging  to
take into account the ionospheric dynamo process in high-preci-
sion geomagnetic field modeling.

Based  on  the  thin  layer  assumption,  the  classic  tide  theory
(Siebert, 1961; Lindzen and Chapman, 1969) has been successfully
applied  for  the  explanation  of  tide-related  phenomenon  in  the
Earth’s  atmosphere.  Besides,  the  electrodynamics  of  atmosphere
(Volland, 1984) has revealed the physical mechanism of the gener-
ation of  the  complex  current  systems in  the ionosphere.  By  inte-
grating  the  classical  tide  theory  with  the  atmospheric  electrody-
namics,  this  research  is  dedicated  to  developing  a  model  that
concerns  the  physical  mechanism  of  the  generation  of Sq
geomagnetic  field  by  the  interaction  between  the  atmospheric
tides and the background magnetic field in the ionosphere. Other
daily  variations  concerning  the  electric  field,  induction  in  the
upper  mantel,  EEJ  or L will  not  be  investigated  in  this  research.
This physical  model has the potential  of  enhancing the precision
of geomagnetic field modeling for the MSS-1 mission.

In  what  follows,  the  construction  of  the  velocity  of  atmospheric
tides  and  the  theory  of  generating  the Sq geomagnetic  field  by
the  tidal  motions  are  introduced  in  Section  2.  Based  on  it,  some

results of the application of this newly developed model on MSS-1

data  are  in  Section  3.  Finally,  Section  4  summarizes  this  research

and  sets  the  goal  for  the  further  development  of  this  physical

model. 

2.  Method 

2.1  The Classic Tide Theory

RE =
6371.2 km

We utilize the classic tide theory (Siebert, 1961; Lindzen and Chap-

man, 1969) to model the tidal motions in the Earth’s atmosphere,

driven  by  both  solar  thermal  forcing  and  the  gravitational  tidal

effects  of  the  moon.  In  the  classic  tide  theory  the  atmosphere  is

simplified  as  a  compressible  ideal  gas  of  single  composition  in  a

thin  spherical  layer,  compared  with  the  radius  of  Earth 

.  In  the  equilibrium  state  the  spherically  symmetric

atmosphere requires:

dp0(z)
dz

= −ρ0(z)g, (1)

p0(z) = ρ0(z)RT0(z), (2)

p0(z) = ρ0(z)gH(z), (3)

H(z) R
ggg = −gr̂rr p0 ρ0

T0

z
r = RE + z

where  is the scale height,  is the gas constant, and the accel-

eration  of  gravity  is  assumed  to  be  constant,  and , 

and  represent  the  pressure,  density  and  temperature  in  the

hydrostatic state, respectively. Here,  is the height of fluid parcels

in the atmosphere with the radius being defined as .

The  classic  tide  theory  further  assumes  that  the  Lorentz  force  is

weaker than the Coriolis force while the viscous force is negligible.

The atmosphere is also assumed to be in thermodynamic equilib-

rium  during  hydrodynamic  evolutions.  Consequently,  the  fluid

dynamics of the atmosphere, to the leading-order approximation,

is decoupled from the electromagnetic dynamics and is governed

by the following equations:

ρ(∂uuu
∂t

+ uuu ⋅ ∇uuu + 2Ω × uuu) = −∇p + ρggg − ρ∇VT, (4a)

∂ρ
∂t

+ ∇ ⋅ (ρuuu) = 0, (4b)

dp
dt

=
γp
ρ

dρ
dt

+ (γ − 1)ρJ, (4c)

uuu = wẑzz + uθ̂ + vϕ̂ ρ p
t Ω = Ωẑzz

VT J
γ = cP/cV

cP cV (x̂xx, ŷyy, ẑzz)
(̂rrr, θ̂, ϕ̂)

in which  is the velocity,  denotes the density, 

represents the pressure,  is  time,  is  the constant angluar

velocity of Earth,  is any tidal potential,  is the thermotidal heat-

ing  per  unit  mass  per  unit  time,  and  is  the  adiabatic

index with  and  being the specific heat of constant pressure

and  that  of  constant  volume,  respectively.  In  this  article, 

denote  the  orthogonal  unit  vectors  in  the  Cartesian  coordinates

while  represent those in the polar spherical coordinates.

With  the  equilibrium  state  defined  by  Equation  (1),  the  physical

fields in the atmosphere can be expanded as:

p = p0(z) + δp(z, θ, ϕ, t), (5a)

ρ = ρ0(z) + δρ(z, θ, ϕ, t), (5b)

T = T0(z) + δT(z, θ, ϕ, t), (5c)
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δp δρ δTwhere ,  and  are  perturbations  caused  by  tidal  motions.

The  gravitational  perturbation  is  neglected,  which  is  acceptable

for  atmospheric  tides.  Substitution of  the expansions (5)  into the

governing  Equations  (4)  gives  rise  to  the  perturbation  equations

that describe the tidal dynamics of atmosphere:

∂uuu
∂t

+ 2Ω × uuu = −
1
ρ0

∇δp +
δρ
ρ0

ggg − ∇VT, (6a)

∂δρ
∂t

+ uuu ⋅ ∇ρ0 + ρ0∇ ⋅ uuu = 0, (6b)

∂δp
∂t

+ uuu ⋅ ∇p0 = γgH(∂δρ
∂t

+ uuu ⋅ ∇ρ0) + (γ − 1)ρ0J, (6c)

w ≪ u, v

Ω

where  nonlinear  and  other  higher-order  terms  have  been

neglected.  According to scale  analysis  in  dynamical  meteorology

at global length scale, vertical motions are much smaller than the

horizontal  ones, .  And  as  usual  in  geophysics,  the  tradi-

tional approximation (Eckart, 1960), i.e., neglecting the tangential

component  of  the  rotation  vector ,  is  adopted  in  this  research.

Consequently from Equations (6),  we obtain the full  perturbation

equations in the scalar form for tidal motions of the atmosphere:

∂u
∂t

− 2Ωvcosθ = −
1
RE

∂

∂θ
(δpρ0

+ VT), (7a)

∂v
∂t

+ 2Ωucosθ = −
1

REsinθ
∂

∂ϕ (δpρ0
+ VT), (7b)

∂δp
∂z

= −gδρ − ρ0
∂VT
∂z

, (7c)

∂δρ
∂t

+ w
dρ0

dz
+ ρ0χ = 0, (7d)

χ = 1
REsinθ

∂

∂θ
(usinθ) + 1

REsinθ
∂v
∂ϕ +

∂w
∂z

, (7e)

∂δp
∂t

+ w
dp0

dz
= γgH(∂δρ

∂t
+ w

dρ0

dz
) + (γ − 1)ρ0J, (7f)

θ ϕwhere  denotes the colatitude and  represents the longitude.

F
As  we  are  interested  in  periodically  tidal  motions  in  time  and

longitude,  a  physical  field  we  are  concerned  with  is  converted

into the new form:

F(z, θ, ϕ, t) = Fσ,m(z, θ) e
i(mϕ+σt), (8)

i =
√
−1 m

σ
where  is  the  imaginary  unit,  denotes  the  azimuthal

wavenumber,  and  represents  the  angular  frequency  of  tidal

motions. Now we introduce the meteorological vertical speed:

G = −
1
γp0

(∂δp
∂t

+ w
dp0

dz
). (9)

Gσ,m
After some mathematical manipulations, Equations (2), (3) and (7)

lead to a single equation for :

H
∂

2Gσ,m

∂z2
+ (dH

dz
− 1)∂Gσ,m

∂z
=

g

4R2
EΩ

2
F[(dH

dz
+ κ)Gσ,m −

κJσ,m

γgH
], (10)

κ = (γ − 1)/γwhere , and the operator is defined by:

F = 1
sinθ

∂

∂θ
( sinθ
f 2 − cos2θ

∂

∂θ
) − 1

f 2 − cos2θ
(m
f
f 2 + cos2θ
f 2 − cos2θ

+
m2

sin2θ
),
(11)

VT
σ,mand a  term associated with  the  variation of  with  respect  to

z
V σ,m
T

Fσ,m Gσ,m Jσ,m

the  height  has  been  neglected  as  the  vertical  length  scale  of
 is  much  larger  than  the  thickness  of  the  thin  atmosphere

layer.  We may assume a  function ,  such as  and ,  can
be expanded as:

Fσ,m(z, θ) = ∑
n

Fσ,mn (z)Θσ,m
n (θ). (12)

By  the  method  of  separation  of  variables,  Equation  (10)  can  be
separated into the horizontal and vertical parts:

F(Θσ,m
n ) = −λσ,mn Θσ,m

n , (13a)

H
d2Gσ,m

n

dz2
+ (dH

dz
− 1)dGσ,m

n

dz
+

1

hσ,mn
(dH

dz
+ κ)Gσ,m

n = κ
γgHhσ,mn

Jσ,mn , (13b)

hσ,mn

λσ,mn = 4R2
EΩ

2/(ghσ,mn )
Θσ,m
n

where  the  constant  of  separation  is  called  the  equivalent
depth  and .  Equation  (13a)  is  the  famous
Laplace  tidal  equation  that  governs  the  horizontal  structures  of
tidal  motions. Hough  (1897) first  systematically  studied  the  solu-
tions of this eigenvalue problem Equation (13a) by the method of
spherical harmonic expansion. As a result the eigenfunctions 
are  also  called  the  Hough  functions.  The  orthogonality  and
completeness  of  the  Hough  functions  have  been  proved  by
Lindzen  and  Chapman  (1969) and Holl  (1970).  The  classic  tide
theory  has  shown that  the  velocity  components  of  tidal  motions
governed by Equations (7) can be expanded as:

wσ,m(z, θ) = ∑
n

wσ,m
n (z)Θσ,m

n (θ), (14a)

uσ,m(z, θ) = ∑
n

uσ,mn (z)Uσ,m
n (θ), (14b)

vσ,m(z, θ) = ∑
n

vσ,mn (z)V σ,m
n (θ), (14c)

Uσ,m
n (θ) V σ,m

n (θ)where  and  are defined by:

Uσ,m
n (θ) = 1

f 2 − cos2θ
(dΘσ,m

n

dθ
+
m
f

cosθ
sinθ

Θσ,m
n ), (15a)

V σ,m
n (θ) = 1

f 2 − cos2θ
(cosθ

f
dΘσ,m

n

dθ
+

m
sinθ

Θσ,m
n ), (15b)

wσ,m
n (z) uσ,mn (z) vσ,mn (z)

Gσ,m
n (z)and  functions ,  and  are  determined  by  the

 of  Equation  (13b),  which  will  not  be  discussed  in  this

research. 

2.2  The Sq Geomagnetic Field Model

RE

S
z = 110 km

The Sq geomagnetic  field  is  generated  by  the  electric  field  and
currents in the E-region of ionosphere, driven by the tidal motions
of  atmosphere,  whose thickness  is  negligible  compared with  the
radius  of  Earth.  Therefore,  in  our  physical  model  the  vertical
variations of the tidal motions, responsible for the Sq geomagnetic
field,  are  neglected  in  the  thin  ionospheric  layer.  Then  the  tidal
motions  are  parameterised  on  the  spherical  surface  of  height

 above the ground, according to Equations (14), as:

w(θ, ϕ, t) = ∑
σ,m,n

Θσ,m
n (θ) [aσ,mn,c cos(mϕ + σt) + aσ,mn,s sin(mϕ + σt)] , (16a)

u(θ, ϕ, t) = ∑
σ,m,n

Uσ,m
n (θ) [aσ,mn,c cos(mϕ + σt) + aσ,mn,s sin(mϕ + σt)] , (16b)

v(θ, ϕ, t) = ∑
σ,m,n

V σ,m
n (θ) [aσ,mn,c cos(mϕ + σt) + aσ,mn,s sin(mϕ + σt)] . (16c)
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aσ,mn,c aσ,mn,s

The  tidal  motions  in  the  ionosphere  are  parameterized  by  the
coefficients  and  to be determined from the geomagnetic

observations. As the priority of this research is to set a framework
in  which  the Sq geomagnetic  field  can  be  separated  from  the
MSS-1 measurements, it is acceptable and practical to neglect the
variations of the vertical structures of tidal motions. However, this
simplification might distort the inverted tidal motions. For exam-
ple, as the propagation of tidal waves and energy is deeply influ-
enced by the vertical structure of atmospheric tides, the inverted
tidal motions in our model cannot accurately capture the dynamics
of tidal waves.

With the atmospheric tide model Equation (16) and assuming that
the electromagnetic process is decoupled from the tidal motions,
the  height-integrated  electric  currents  due  to  the  tidal  motions
are  represented,  according  to  the  Ohm’s  law,  by  (Volland,  1984,
1995; Yamazaki and Maute, 2017):

JJJ = σP(uuu × BBB0) + σH
BBB0∣BBB0∣ × (uuu × BBB0), (17)

σP σH
BBB0

JJJH

in  which  and  denote  the  height-integrated  Pedersen  and
Hall conductivities, respectively, and  represents the background
geomagnetic field. Here, we have temporarily neglected the elec-
tric  field  in  this  research.  The  horizontal  component  of  the
height-integrated  electric  currents  is  usually  linked  to  a  current
function

JJJH = ∇ × (Ψ r̂rr), (18)

S
JJJ

defined  on  the  spherical  surface  of .  The Sq geomagnetic  field
generated  by  the  height-integrated  electric  currents ,  via  the
Biot–Savart law, is approximately to be:

BBB(rrr, t) ≈ μ0

4π ∫
S
JJJ(rrr′, t) × rrr − rrr′∣rrr − rrr′∣3 dS′, (19)

μ0 rrr′ rrr

JJJ
S ∣rrr − rrr′∣ < ∣rrr∣

S

BBB0

in  which  is  the  magnetic  constant,  and  the  vectors  and 
mark the positions of the height-integrated electric currents in the
ionosphere and the Sq geomagnetic field, respectively. In practice,
only the contributions of  to the Sq geomagnetic field within the
part of the spherical surface , where , are considered.
Contributions from other regions of  are assumed to be negligible
due to the long distance and Earth’s shielding effects. For the sake
of  simplification,  the  background  geomagnetic  field  is
provided  by  the  core  field  of  the  CHAOS–8  model  (Kloss  et  al.,
2024) in this research.

m
σ

Θσ,m
n λσ,mn

l ≡ ∣n∣ − ∣m∣ l ≥ 0∣m∣ > 0 l ≥ 1 m = 0

Θσ,m
n (n > 0) −1 < cos θ < 1 l

Θσ,m
n (n < 0) l + 1 l l − 1 l

σ m

n

n > 0

n < 0

For  the  given  values  of  an  azimuthal  wavenumber  and  an
angular  frequency ,  there  exists  infinitely  many  pairs  of  the
eigenfunctions  and  eigenvalues  that  are  satisfied  with
the  eigenvalue  problem  (Equation  (13a)).  Following Flattery
(1967)’s  notation,  we  define  an  integer  with  for

 or  for  (Miles,  1977),  then the number of  zeros
of  in  is  while  the  number  of  zeros  of

 is either  for even  or  for odd ; if all eigenval-
ues are positive for given  and , both the equatorially symmetric
and  anti-symmetric  Hough  functions  are  ordered  together  with
positive ;  if  the  eigenvalues  can  be  either  positive  or  negative,
the  equatorially  symmetric  and  anti-symmetric  Hough  functions
are  ordered  separately,  with  positive  corresponding  to
Hough  funtions  with  positive  eigenvalues  while  negative 
corresponding to the Hough functions with negative eigenvalues.

T 6 8 12 24

f
σ = 2π/T f = 12/T

m
3 T

T
m

0 1

35

In practice, only the Hough functions with small enough absolute
eigenvalues correspond to large scale tidal motions, which can be
easily obtained via numerical computation using normalized asso-
ciated Legendre polynomial expansion (Groves, 1981; Wang YB et
al.,  2016).  In  order  to  model  the  daily  variations  of  geomagnetic
field,  in  our  model  we  only  temporarily  consider  about  tidal
motions  with  periods  of , ,  and  hours.  The  angular
frequencies of the tidal motions and parameters  are then deter-
mined as  and , respectively. As we are concerned
with  large-scale  tidal  motions,  the  azimuthal  wavenumber  is
truncated at  maximum order  for  each period .  As  the  current
function  has  two  vortex  structures  that  are  approximately
symmetric  about  the  equator,  only  the  equatorially  symmetric
Hough functions are adopted in the construction of velocity Equa-
tion (16) of the tidal motions. Moreover, for a given period  and
azimuthal  wavenumber ,  as  illustrated  in Figure  1,  the  Hough
functions that have  or  root except the poles in each hemisphere
are selected for Equation (16). When the small-scale structures are
taken into consideration in further research, the Hough functions
of higher order and with more roots will be included in our model.
As  the  MSS-1  does  not  provide  measurements  at  high  latitudes,
the  Hough  functions  with  negative  eigenvalues  and  more  roots,
which  are  highly  oscillating  in  polar  regions,  shall  be  carefully
excluded from the model. Otherwise, the Sq geomagnetic field is
distorted  in  polar  regions.  Under  these  criteria,  a  total  of 
Hough functions are included in Equation (16),  requiring only  70
coefficients to be determined in the inversion. 

3.  Results
We assessed the performance of our Sq geomagnetic field model
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Figure 1.   Equatorially symmetric Hough functions of different

periods and azimuthal wavenumbers. The eigenvalues  are all

positive for , , and  in panel (a) while the eigenvalues

can be either positive or negative for ,  and  in panel

(b). The solid lines correspond to Hough functions with positive

eigenvalues while the dashed lines depict those with negative

eigenvalues. Only the Hough functions with  in panel (a) and

 in panel (b) are selected for computation.
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t = 8706

t = 8723

aσ,mn,c aσ,mn,s

σP σH

90 km 150 km

using  a  dataset  comprising  5000  samples  from  the  MSS-1

measurements  provided  by Yao  HB  et  al.  (2025c),  in  which  the

selection criteria on data are listed in detail. These measurements

were  collected  over  a  span  of  approximately  18  days,  starting

from  around  days  (MJD2000,  October  23,  2023)  to

 days  (MJD2000,  November  9,  2023).  The  contributions

from  the  Earth’s  liquid  core,  mantle  and  curst,  magnetosphere,

and  ocean  tides  have  been  subtracted  from  the  data  using  the

MGFM geomagnetic field model (Yao HB et al., 2025c). The inver-

sion  of  the  coefficients  and  in  Equation  (16)  from  the

data  is  a  linear  and  overdetermined  problem.  The  general  least-

squares  approach  was  adopted  to  tackle  this  inversion  problem.

Our model relies on the quality of the height-integrated conduc-

tivity model,  which is highly anisotropic in space and dichotomic

between  the  dayside  and  nightside  of  Earth.  We  synthesized  a

model for the height-integrated Pedersen  and Hall  conduc-

tivities  (Figure  2)  from  the  International  Reference  Ionosphere

model  (Bilitza  et  al.,  2022).  Our  conductivity  model  is  in  fact

derived  from  the  global  distribution  of  the  height-integrated

conductivities  from  the  to  above  the  ground  at

beginning of  November,  2023.  The deviations  of  the real  height-

integrated  electric  conductivities  from  the  synthetic  model  are

neglected during the short period of measurements.

7.79 nT

6.60 nT

ϕ̂ ⋅ BBB

Figure 3 exhibits the inversion results of the Sq geomagnetic field.

Compared  with  the  MSS-1  observations,  it  is  demonstrated  that

the inversion results of the Sq geomagnetic field provided by our

model  reflect  the  main  feature  of  the  MSS-1  observations.  The

root mean square (RMS) value of the observations is , while

the RMS of the misfit after extracting the model results from data

is  reduced  to .  This  shows  that  our  model  can  effectively

detect the ionospheric Sq magnetic field out of the total geomag-

netic  field  measurements  of  the  MSS-1  mission.  The  remaining

misfit mainly comes from the  component of the geomagnetic

field  between  the  observations  and  inversion  results.  This  could

be caused by the oversimplification of the electric current density

model and the height-integrated electric conductivity model.

aσ,mn,c

aσ,mn,s

(Θσ,m
n , Uσ,m

n , V σ,m
n )

m = 0 n = 0

m = 0 n = 0

Figure 4 displays the inversion results of the coefficients  and

 of velocity field of the atmospheric tides in Equation (16). The

values  of  all  coefficients  and  the  parameters  of  related  tidal

modes  are  also  listed  in Table  1.  Among  all  the  35  tidal  modes

, the one that has the largest coefficients in abso-

lute size is the diurnal mode with  and , followed by the

semi-diurnal mode with  and . Another two tidal modes
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Figure 2.   The synthetic model of the height-integrated Pedersen (a)

and Hall (b) conductivities ( ).
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Figure 3.   Comparison of the geomagnetic field between the MSS-1 observations and inversion results by our Sq geomagnetic field model. The

black curves represent the MSS-1 observations while the red curves depict the inversion results of the Sq geomagnetic field model.
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m = 2 n = 2 T = 8 m = 1 n = 1 T = 6

(n < 0)
(Uσ,m

n , V σ,m
n , Θσ,m

n )

of  and  with  hours and  and  with 
hours  contribute  significantly  to  the  atmospheric  tides  as  well.
The coefficients of the negative diurnal modes  are relatively
negligible  in  our Sq geomagnetic  field  model.  But  this  does  not
mean  that  these  negative  diurnal  modes  are  physically  insignifi-
cant.  Since  the  tidal  modes  are  not  orthogonal,

i.e.,

∫ π

0
[Uσ,m

n Uσ,m
n′ + V σ,m

n V σ,m
n′ + Θσ,m

n Θσ,m
n′ ]sinθ dθ ≠ 0, (20)

n ≠ n′ aσ,mn,c aσ,mn,s

m = 0

Θσ,0
0

λσ,00 = 0

Uσ,0
0 = 0 V σ,0

0 = 0

m = 0

m = 0

for ,  the  size  of  the  coefficients  and  does  not

directly  indicate  the  energy  of  tidal  modes.  At  the  Hough
functions  are  constant  for  any  temporary  periods  with  all

eigenvalues degenerating to zero,  i.e., .  Consequently,  the

associated  horizontal  modes  disappear,  i.e.,  and .

Hence,  it  is  not  demonstrated  that  the  tidal  modes  at  are
physically  significant  even  when  their  coefficients  are  large  in
absolute  size.  The  missing  zonal  rotational  modes  at  were
also  discussed  in  a  shallow-water  model  by Swarztrauber  and
Kasahara (1985).

Ψ

110 km

Ψ

r̂rr ⋅ BBB
400 km

With the coefficients in Table 1, we can obtain the current function
 defined in Equation (18). Figure 5 shows the normalized current

function on October 24, 2023 at  in altitude. There is clearly
a pair of vortex structures in  nearly symmetric about the equator
on  the  dayside  of  Earth.  One  vortex  counterclockwise  in  the
Northern  hemisphere  and  the  other  clockwise  in  the  Southern
hemisphere. Figure  6 shows  the  radial  component  of  the
related Sq geomagnetic  field  at  above the ground at  the
same time of Figure 5, based on the results of inversion of MSS-1
data.  The Sq geomagnetic  field  concentrates  at  places  at  which
the vortex structures of the current function stay. It is also demon-
strated  that  the Sq geomagnetic  field  in  our  model  is  also  higly
affected by the anisotropy and dichotomy of the electric conduc-
tivities in the ionosphere. 

4.  Conclusions and Discussions
The Sq geomagnetic field is  generated by the electric  currents in
the E-region of ionosphere driven by the atmospheric tides. With
the  classic  tide  theory,  we  have  developed  an Sq geomagnetic
field model that reflects the physical mechanism of the ionospheric
dynamo. Compared with other Sq geomagnetic field models, such
as the DIFI chain algorithm which needs to deal with hundreds of
parameters, in this model only a few parameters need to be deter-
mined  from  inversion.  Besides,  our  model  outputs  the  current

function  and  the  related Sq geomagnetic  field  that  are  satisfied

with the physical expectation. Moreover, while other Sq geomag-

netic  field  models  do  not  concern  the  physical  process  of  iono-

spheric dynamo, our model can provide with the tidal information

that  drives  the  ionospheric  dynamo.  This  could  help  reveal  the

relations  between  the  atmospheric  tides  and  daily  variations  of

geomagnetic field. However, the performance of our Sq geomag-

netic field model is  highly influenced by the electric conductivity

models,  which  are  still  poorly  investigated.  The  tidal  modes

 

Table 1.   Coefficients of tidal motions inverted from the MSS-1 data.

T (hour) m n aσ,mn,c (m/s) aσ,mn,s (m/s) Index

6

0 0 −11.9042 7.4923 1

0 2 −4.2798 −4.6313 2

1 1 −10.0576 16.2278 3

1 3 −3.6336 0.0086 4

2 2 1.8644 0.2034 5

2 4 −2.0370 7.0975 6

3 3 6.8790 −12.1086 7

3 5 −3.3688 −4.1919 8

8

0 0 −7.2968 −10.9121 9

0 2 −0.5884 −0.7531 10

1 1 −16.1190 2.5013 11

1 3 −1.9162 1.9037 12

2 2 12.8763 14.1612 13

2 4 −10.0370 −3.2167 14

3 3 2.1648 −6.4717 15

3 5 −1.3029 −0.2984 16

12

0 0 20.6897 −6.8731 17

0 2 −1.3120 −0.9732 18

1 1 −1.9377 −10.2802 19

1 3 −3.5475 −0.5488 20

2 2 −0.7423 −1.9858 21

2 4 1.6044 −1.9186 22

3 3 0.4602 0.4730 23

3 5 −1.6520 1.0711 24

24

0 0 −12.3996 −24.5178 25

0 2 −0.2852 −0.4819 26

0 −3 −1.0872 1.7450 27

1 3 −0.3467 −0.6389 28

1 −2 −2.9612 −5.0092 29

1 −4 −0.1042 0.3302 30

2 4 −0.1749 −0.1904 31

2 −3 −2.2748 1.2919 32

2 −5 0.0948 −0.0037 33

3 3 −0.0895 0.2898 34

3 −6 0.1530 −0.4946 35
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Figure 4.   The coefficients of velocity field of the atmospheric tides

inverted from the MSS-1 data.
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(Uσ,m
n , V σ,m

n , Θσ,m
n )
aσ,mn,c aσ,mn,s

m = 0

 are  not  complete  and  orthogonal,  the  size  of

coefficients  and  cannot  quantitatively  indicate  the

energy of different tidal modes. We will  also need to take care of

the  missing  zonal  rotational  modes  at  (Swarztrauber  and

Kasahara,  1985)  because  of  the  degeneracy  of  Laplace’s  tidal

equation  in  the  future.  Nevertheless,  our Sq geomagnetic  field

model  could  be  used  for  the  separation  of  the Sq geomagnetic

field  from  the  MSS-1  measurements,  improving  the  accuracy  of

geomagnetic field modeling.

For practical  usage and application, other contributions from the

static  electric  field,  EEJ, L variation,  and  induced  currents  in  the

upper mantle must be integrated in our model. The quality of our

model  is  highly  influenced  by  the  electric  conductivity  model  of

ionosphere.  Some  more  realistic  conductivity  models  could  be

incorporated  in  the  model  to  improve  the  precision  of  geomag-

netic  field  modeling.  As  more  data  are  used  for  inversion,  long-

term  tides  of  monthly,  seasonal,  interannual  and  annual  peiods

must be considered in geomagnetic field modeling. The selection

and symmetricity of tide modes could affect the inversion results
in  our  model.  The  vertical  structures  of  tides  are  not  considered
under  the  thin  layer  assumption,  however,  its  justification  and
consequence need further investigation. These questions need to
be addressed in future research. 
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