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Key Points:
●  A technique based on a single dipole model is used to invert the dipolar magnetic field.
●  This technique can successively separate and invert the multiple parameters of the model.
●  Applications of the technique demonstrate its robustness, and it can be applied widely in the fields of geomagnetism and planetary

magnetism.
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Abstract: Many planets, including the Earth, possess a global dipolar magnetic field. To diagnose the interior source of the dipolar field,
researchers usually adopt a dipole model consisting of six parameters to fit the observed dataset of the magnetic field. However, the
simultaneous fitting of these parameters often leads to multiple local optimal parameter sets. To address this fitting dilemma, Rong ZJ et
al. (2021) recently developed a current loop model. This technique can successively separate and invert the loop parameters. Here, we
further show how this technique can be reduced and modified to fit a dipole model. Applications of this reduced technique to the
International Geomagnetic Reference Field model and the Martian crustal field model highlight its unique ability to diagnose both the
planetary global dipolar field and the local crustal field anomaly, a capability that sets it apart from existing methods. The potential
impact of this technique on geomagnetism and planetary magnetism is significant, given its unique ability to diagnose both the
planetary global dipolar field and the local crustal field anomaly.
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 Plain Language Summary
The source of any dipolar magnetic field can be approximated by

a magnetic  dipole  to  the first  order.  The traditional  least-squares

methods  used  to  invert  a  dipole  model  inevitably  involve  the

simultaneous  fitting  of  multiple  parameters  of  the  dipole  model,

which  can  result  in  multiple  local  optimal  parameter  sets.  In

contrast,  the  method  we  present  here  can  successively  separate

and invert the dipole parameters. Applications to the International

Geomagnetic Reference Field model and the Martian crustal field

model demonstrate that the parameters inverted by our technique

are reasonable;  thus,  this  technique can be applied widely in the

fields of geomagnetism and planetary magnetism.

 1.  Introduction
Most  planets  in  our  solar  system  possess  a  global  dipolar
magnetic field. The standard or traditional way to study the plane-
tary  magnetic  field  is  to  perform  a  spherical  harmonic  analysis
(SHA),  which  treats  the  measured  magnetic  field  as  the  sum  of
associated  Legendre  polynomials  (Chapman  and  Bartels,  1940;
Merrill  et al.,  1996). The coefficients of these associated Legendre
polynomials, referred to as Gauss coefficients, can be determined
based on the sampled dataset  of  the  magnetic  field.  The planet-
centered dipole component is defined by the first three coefficients
of the internal field, whereas the other coefficients of the internal
field can represent the different multipole (quadrupole, octupole,
etc.)  components.  To  make  the  approximation  of  the  dipole
model more reasonable, an eccentric dipole approximation is also
made  by  using  the  first  eight  internal  Gauss  coefficients,  where
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the eccentric dipole has the same dipole moment and axis orien-
tation  as  the  original  geocentered  dipole  (e.g., Fraser-Smith,
1987).  However, Sano (1991) and Sano and Sugiura (1992) found
that if all Gauss coefficients are considered, the moment and loca-
tion of a fitted eccentric dipole are different from those obtained
by the classical method of using the first eight internal Gauss coef-
ficients. In other words, a real eccentric dipole will be mathemati-
cally expanded as a planet-centered dipole plus a series of higher
multipole  fields  in  terms  of  the  SHA  (Merrill  et  al.,  1996).  Thus,
when addressing the source of the dipolar field, one may have to
consider  a  source  model,  such  as  dipoles  or  current  loops  (note
that the dipole is a special case of the current loop when the loop
radius is zero), to fit the observed field dataset directly.

In earlier stages, many geomagnetism researchers indeed alterna-
tively  tried  to  fit  the in  situ measurements  of  the  magnetic  field
directly, based on the models of one or multiple magnetic dipoles
or current loops (e.g., Alldredge and Hurwitz, 1964; Alldredge and
Stearns,  1969; Peddie,  1979; Demina and Farafonova,  2016; Rong
ZJ et al.,  2021 and references therein).  The dipole model has also
been  used  to  fit  a  spacecraft’s  magnetic  field  measurements  of
Mercury  (Ness  et  al.,  1974)  and  Jupiter  (Smith  et  al.,  1976).  The
main  challenge  of  fitting  algorithms  in  these  models  is  that  the
simultaneous  least-squares  fitting  of  model  parameters  requires
the initial input of parameters, which results in multiple local solu-
tions. Thus, Peddie (1979) argued that no general technique exists
for  finding  the  best  solution  in  the  parameter  space,  even  for  a
single loop or dipole model.

In  contrast  to  the  traditional  least-squares  fitting,  a  recent  tech-
nique developed by Rong ZJ et al. (2021) based on a single circular
loop  model  can  effectively  separate  the  multiple  parameters  of
the  model  and  successively  invert  these  parameters.  In  other
words, the inversion technique of Rong ZJ et al.  (2021) can avoid
the  dilemma  of  simultaneous  fitting  of  multiple  parameters  to
find  the  best  solution.  The  model  tests  and  applications  showed
the validity and robustness of this technique. Moreover, this tech-
nique  can  offer  several  error  indicators  when  evaluating  how
much  the  sampled  dataset  deviated  from  the  fitted  loop  model.
(A comparison with the traditional least-squares fitting is provided
in the Supporting Information of Rong ZJ et al., 2021.)

Although  the  loop  technique  presented  by Rong  ZJ  et  al.  (2021)
works  well,  several  issues  must  be  considered  when  simplifying
the loop model into a dipole model:

(1) The applications by Rong ZJ et al. (2021) showed that the loop
technique would fail  in  some cases,  such as  in  the case of  fitting
an ideal dipole field because the optimal radius of the loop model
is  supposed  to  be  zero  in  this  case,  and  the  optimal  fitting  by
computer would be forced to end when the trial radius becomes
negative.  In  other  words,  the  optimal  loop  radius  cannot  always
be found numerically.

(2)  The  analytic  formula  for  the  magnetic  field  generated  by  the
loop  model  is  more  complicated  than  that  of  the  dipole  field.  In
most  cases,  researchers  would  rather  choose  a  simple  dipole
model to describe the dipolar field.

(3) Given that any magnetic source can be seen as a dipole in first-
order approximation, the inversion technique of a dipole model is
essential in diagnosing the magnetic source generally.

Thus, to address the inversion of the dipolar field in general, here

we show how the loop technique by Rong ZJ et al. (2021) can be

modified  to  fit  a  dipole  model  even  though  the  inversion  algo-

rithms  for  the  two  models  are  nearly  the  same.  With  this  tech-

nique,  the  six  parameters  of  the  dipole  (three  for  the  dipole

center,  two  for  the  axis  orientation,  and  one  for  the  dipole

moment) can be separated and inverted robustly.

The structure of this paper is organized as follows. Section 2 intro-

duces  the  modified  technique  to  fit  the  dipole  model.  Section  3

shows its application to a sampled dataset from the International

Geomagnetic Reference Field (IGRF) model,  as well  as its applica-

tion to selected regions of the Martian crustal field model. Finally,

we offer a discussion in Section 4 and conclusions in Section 5.

 2.  Methodology
Utilizing a spacecraft’s sampled dataset of magnetic field vectors,

Rong  ZJ  et  al.  (2021) presented  a  technique  to  fit  the  global

geomagnetic field based on a single circular  current loop model.

This  loop  technique  can  be  reduced  to  fit  an  eccentric  dipole

model (in which case the loop radius is zero). In this section, with

the assumption of the interior source of a dipole, we describe how

the technique by Rong ZJ  et  al.  (2021) can be modified to  invert

the dipole parameters.

 2.1  Coordinate Systems
Because  the  intrinsic  magnetic  field  of  the  planet  is  corotating

with the planet’s rotation, it is convenient to address this technique

in  the  planetocentric  coordinate  that  is  fixed  with  the  planet’s

rotation. In this coordinate, the origin point is at the center of the

planet,  the x-axis  points  toward  the  intersection  of  the  equator

and  the  primary  meridian  (e.g.,  the  Greenwich  meridian  for  the

Earth), the z-axis is parallel to the planet’s axis of rotation (positive

to the north), and the y-axis completes a right-handed orthogonal

set.

xyz

rrr0 (x0x̂xx, y0ŷyy, z0ẑzz) x̂xx ŷyy ẑzz

M̂MM (sinθ0cosφ0x̂xx, sinθ0sinφ0ŷyy, cosθ0ẑzz)
M̂MM

θ0(0° ⩽ θ0 ⩽ 180°) φ0(0° ⩽ φ0 ⩽ 360°)
M̂MM

rrri (xix̂xx, yiŷyy, ziẑzz)
BBBi

RRRi = rrri − rrr0 M̂MM

BBBi
rrri

In  the  planetocentric  coordinates ,  as  shown  in Figure  1,  the

magnetic  field  is  assumed  to  be  induced  by  a  magnetic  dipole.

The  dipole  center  is  at ,  where , ,  and  are  the

unit  vectors  of  the x-axis, y-axis,  and z-axis,  respectively.  The

dipole  axis  points  toward ,

where  is  the  unit  direction  of  dipole  moment M,  and

 and  are  the  polar  angle  and

azimuthal  angle  of ,  respectively.  At  time ti,  the  spacecraft  is

located at , and the recorded magnetic field vector is

.  The  position  vector  of  the  spacecraft  relative  to  the  dipole

center  is .  During  the  period  of  measurement,  is

assumed  to  be  fixed.  In  this  study,  we  aim  to  invert  the  dipole

parameters  by  using  the  sampled  magnetic  vectors  along  the

trajectory and  by the spacecraft.

It  is  convenient  to  construct  a  planetocentric  dipole  coordinate,

which is defined as ⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
ẑzz′ = M̂MM,

ŷyy′ = ẑzz′ × x̂xx∣ẑzz′ × x̂xx∣ ,
x̂xx′ = ŷyy′ × ẑzz′,

(1)
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rrr0 (x′0x̂xx′, y′0ŷyy′, z′0ẑzz′)with  its  origin  being  point O (center  of  the  planet)  and  with  the
dipole center  at  in the dipole coordinates.  If  the

origin  point  is  placed at  the dipole  center,  the dipole  coordinate
can  be  modified  to  be  dipole  centered.  Note  that  unless  stated
otherwise,  the  superscript  prime  symbol  means  the  vector  is
expressed in the planetocentric dipole coordinate.

 2.2  The Dipole Axis and the Transverse Offset of the

Dipole Center

M̂MM
x′0 y′0

αmin

Because  the  ideal  dipole  field  has  no  azimuthal  component,  the
field  lines,  diverged  from  or  converged  into  the  dipole  center,
should  be  radially  oriented  in  the  equatorial  plane  of  the  dipole
coordinates.  Therefore,  the  dipole  axis  should  be  the  orientation
along  which  the  projected  field  lines  are  best  radially  oriented.
Following  the  method  of Rong  ZJ  et  al.  (2021),  we  can  find  the
optimal  dipole  axis, ,  and  the  transverse  offset  of  the  dipole
center,  and , in the equatorial plane of the dipole coordinate.

In  addition,  the  dipole  axis  error  yielded  can  be  indicated  by  a
dimensionless  parameter, .  Readers  can  refer  to  the  detailed
algorithm in Section 2.1 of Rong ZJ et al. (2021).

 2.3  The Axial Shift of the Dipole Center
Once the optimal axial orientation and the transverse shift of the
dipole  center  are  found,  we  can  similarly  follow  the  method  of
Rong  ZJ  et  al.  (2021) to  determine  the  shift  of  the  dipole  center
along the axis. The only difference is that we have to deal with the
analytic  formula  of  the  ideal  dipole  model  instead  of  the  loop
model. The detailed procedures are as follows.

BBB0Given  an  ideal  dipole  field, ,  measured  by  a  spacecraft,  the
Cartesian components of the dipole field measured by the space-
craft at the moment of ti can be written as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

B̃0ix =
3μ0Mx̃iz̃i

4πR5
i

,

B̃0iy =
3μ0Mỹiz̃i

4πR5
i

,

B̃0iz = −
μ0M (R2

i − 3z̃2
i )

4πR5
i

,

(2)

Ri
M

where  is  the  radial  distance  of  the  spacecraft  to  the  dipole

center  and  is  the  dipole  strength.  The  overhead  tilde  means

that the field components are expressed in dipole-centered coor-

dinates (because it is within the frame defined in Equation (1), but

with the origin shifted to the dipole center).

RiThus, as shown in Figure 1, the radial distance, , is

Ri = ∣rrri − rrr0∣ = √
x̃2
i + ỹ2

i + z̃2
i =

√(x′i − x′0)2
+ (y′i − y′0)2

+ (z′i − z′0)2, (3)

x′i y′i z′i rrri
x′0 y′0 z′0

rrr0

where , , and  are the three Cartesian components of  in the

dipole  coordinates,  and , ,  and  are  the  three  Cartesian

components of the dipole center, , in the dipole coordinates.

M̂MM x′0 y′0
B̃0ix B̃0iy B̃0iz

z′0

Because  the  parameters , ,  and  have  been  derived  in
Subsection 2.2, the components , , and  actually become

the functions of M and . Considering that the field configuration
of  the  ideal  dipole  field  is  independent  of  the  moment  strength,
the orientation of unit field vectors,

b̃bb0i =
B̃0ix

B0i
x̂xx′ +

B̃0iy

B0i
ŷyy′ +

B̃0iz

B0i
M̂MM, (4)

B0i =
√
B̃2

0ix + B̃2
0iy + B̃2

0iz =
μ0M

4πR3
i

√
1 + 3( z̃i

Ri
)2

z′0

where ,  is  determined

only by .

bbbi =
BBBi∣BBBi∣

z′0 b̃bb0i

bbbi bbbi b̃bb0i

γi z′0

In contrast, the unit field vector actually recorded is ; thus,

the  optimal  axial  shift  of  the  dipole  center, ,  should  make 

best  parallel  to .  As  such,  the  angle  between  and  (which

we defined as ) is a function of , that is,

γi = acos (bbbi ⋅ b̃bb0i) . (5)

Thus, one can construct a residue function as

ε (z′0) = 1
N
∑

i
γi. (6)

z′0 z′0

z′0

Obviously, ε is  a  function  of .  The  optimal  should  make ε
reach a global minimum. Thus, one can search for the minimum of

ε quickly to find the corresponding optimal value of .

z′0One can adopt an alternative way of inferring the optimal  if one
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Figure 1.   The location of a magnetic dipole in a planetocentric coordinate  that corotates with the planet. The dipole is located at point 

with the axial orientation along , which is determined by its polar angle  and azimuthal angle  in the planetocentric coordinate. In the

frame of , we can set up a dipole coordinate  (see the details in the text). Note that the origin of the dipole coordinate is at point O (center

of the planet). The magenta line labels the trajectory of the spacecraft. At the moment of ti, the spacecraft makes a magnetic field measurement

at location , whose relative position vector to the dipole center is .
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notices that the location of the magnetic equator plane (the radial
component  of  the  field  in  cylindrical  coordinates  equals  zero)  is
determined by the axial shift of the dipole center. In other words,
the  axial  shift  of  the  dipole  center  can  alternatively  be  identified
according to the location of the reversal of the recorded series of
radial components in the dipole-centered cylindrical coordinates.
Anderson  et  al.  (2011) adopted  this  method  previously  in  deter-
mining  the  northward  shift  of  Mercury’s  dipole  center.  However,
to guarantee the accuracy of the identified axial shift in this way, a
higher sampling rate is required when spacecraft are crossing the
magnetic equatorial plane. Moreover, the external field is required
to  be  negligible  near  the  magnetic  equatorial  plane.  These
requirements  are  not  always  well-satisfied.  Thus,  to  address  the
sampled dataset  in  general,  we would  rather  use  Equation (6)  to
derive the optimal axial shift in the present study.

 2.4  The Dipole Moment
Because  the  optimal  axis  orientation  and  the  dipole  center  have
been derived in the preceding subsections, we can continue with
the  method  of Rong  ZJ  et  al.  (2021) to  infer  the  strength  of  the
dipole  moment.  Specifically,  we  can  construct  a  least-squares
error,

δ = 1
N
∑

i

∣BBBi0 − BBBi∣∣BBBi0∣ , (7)

BBBi
BBBi0∣BBBi∣∣BBBi0∣

to  evaluate  how  much  the  recorded  field, ,  deviates  from  the
fitted  dipole  field, .  Note  that Rong  ZJ  et  al.  (2021) took  the
denominator as  (see their Equation (17)), but here we correct
it  as  by  analogy  with  the  formula  for  the  relative  standard
deviation.  Because  the  optimal  axis  orientation  and  the  dipole
center have been derived, δ consequently becomes a function of
the strength of the dipole moment, M,  and the optimal M can be
searched when the δ reaches a minimum.

 2.5  Summary of the Technique
In stark contrast to the previous traditional least-squares methods
with all parameters fitted simultaneously, our technique can sepa-
rate the dipole parameters and successively invert these parame-
ters:

(1) We can first determine the dipole axis and the transverse offset
of  the  dipole  center  according  to  the  projection  of  measured
magnetic field directions.

(2)  We  can  proceed  to  determine  the  axial  shift  of  the  dipole
center by matching the field directions with the ideal dipole field
directions.

(3) Finally, on the basis of these derived parameters, we can derive
the optimal dipole moment when the field strength is considered.

αmin ε

The algorithm test and theoretical proof of this inversion technique
are very similar to those of the loop model,  which is given in the
Supporting  Information  of Rong  ZJ  et  al.  (2021).  The  algorithm
test  demonstrates  that  our  technique  can  invert  the  dipole
parameters exactly if the sampled field vectors are from the ideal
dipole field (not shown here). Thus, the inversion errors of , ,
and δ are usually generated by a disturbance of the external field
or  the  nondipole  field  components.  In  the  following  section,  we
show  how  this  inversion  algorithm  is  applied  to  the  sampled
dataset of the magnetic field.

 3.  Applications

 3.1  Application to the IGRF Field
To  demonstrate  the  ability  of  this  technique,  we  apply  it  to  the
13th-generation IGRF model (Alken et al., 2021) to infer the dipole
source  of  the  geomagnetic  field.  Because  the  IGRF  model
describes  the  large-scale  internal  field  of  the  geomagnetic  field,
our  technique  based  on  the  sampled  data  points  from  the  IGRF
will yield a dipole model that best fits the sampled dataset of the
13th IGRF model.

As shown in Figure 2, we arbitrarily construct four synthetic polar
circular orbits at an altitude of 500 km (inclinations of all orbits are
set  at  90°),  which  homogeneously  cover  the  longitude  with  a
longitude  step  of  45°  in  geocentric  coordinates.  The  spacecraft
evenly  samples  20  data  points  along each orbit.  In  total,  80  data
points are obtained from the four orbits. Note that in the calcula-
tion  of  the  IGRF  field,  all  the  Gauss  coefficients  of  the  13th  IGRF
model are used, the mean earth radius is set as 6371.2 km, and the
time of 2020-01-01 00:00:00 is arbitrarily set.

αmin

M̂MM (θ0, φ0) αmin

αmin

Figure 3a shows the series of 80 sampled magnetic field vectors in
the  geocentric  coordinates.  With  the  sampled  dataset,  we  calcu-
lated  the  angular  errors, ,  of  all  possible  axial  orientations,

. The  is an error indicator describing how much the
magnetic  vectors  projected  along  the  candidate  axis  deviated
from the radial direction. One can refer to Equation (3) of Rong ZJ
et al. (2021) to find the specific definition of . The optimum of
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M̂MM (θ0, φ0) αmin has a corresponding global minimum of .

αmin

θ0 φ0

αmin

M̂MM

M̂MM M̂MM(θ0m = 168.7°, φ0m = 114.3°)
x′0m = −299 km y′0m = −355 km

Figure 3b shows the two-dimensional (2D) distribution of  on

a map constituted by the polar  angle  and azimuthal  angle 

of the candidate axial orientations. As expected, two local minima

of  are  present  in Figure  3b because  the  two  minima  corre-

spond to the parallel and antiparallel directions of the optimal .

We choose the one that points nearly toward the southern pole as

the optimal  direction of .  Thus,  the final  optimal  is  found as

,  and,  accordingly,  the  optimal  trans-

verse offset of the dipole center in the dipole coordinate is calcu-

lated as ( , ).

M̂MM x′0m y′0mAfter  the  derivation  of , ,  and ,  the  optimal  axial  shift  of

z′0m = 0 km

M̂MM x′0m
y′0m z′0m
Mm = 7.94 × 1022 Am2 δ

the  dipole  center  in  the  dipole  coordinate  is  found  to  be

 when  the  residue  error ε defined  in  Equation  (6)

reaches a minimum (Figure 3c).  Finally,  given the derived , ,

,  and ,  the  optimal  dipole  moment  is  calculated  as

 when  the  least-squares  error  defined  in

Equation (7) reaches a minimum (Figure 3d).

rrr0 (x′0m = −299, y′0m = −355, z′0m = 0) km

rrr0 (x0m = −298, y0m = 345,
z0m = 87) km

By applying Equation (1),  the transformation of the dipole center

 from  the  dipole  coordinate

to  the  geocentric  coordinate  yields 

.

We can calculate the inverted dipole field based on these inverted

dipole  parameters.  As  shown  in Figure  4,  the  inverted  dipole
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model  agrees  well  with  the  sampled  IGRF  field,  suggesting  that

the inverted dipole parameters are reasonable.

If  we  lift  the  four  orbits  to  a  higher  altitude,  the  same  inversion

scheme  will  yield  an  inverted  dipole  with  lower  errors. Table  1

tabulates  the  fitted  parameters  and  the  associated  errors  when

the  spacecraft  is  at  different  altitudes.  It  is  clear  that  as  the  orbit

altitudes increase, the fitted parameters approach the values of an

eccentric  dipole  model  (Fraser-Smith,  1987)  with  decreasing

errors. The better fit to the dipole field with the increase in altitude

is  reasonable  because  the  field  contributions  from  the  higher

orders will attenuate with altitude more quickly than those of the

dipole  field. Table  1 compares  the  parameters  of  the  traditional

eccentric  dipole  model  and  its  relative  standard  deviation  corre-

sponding to the sampled dataset at different altitudes.

δ

Moreover, it is expected that if the orbits could cover the longitude

more intensively,  the inverted parameters would be less affected

by the bias of magnetic anomalies in longitude. Given a fixed alti-

tude  of  500  km, Table  2 shows  the  inverted  results  when  more

orbits  distributed  evenly  in  longitude  are  involved.  If  only  one

orbit  plane  is  considered  (e.g.,  the  second  row  of Table  2),  the

inversion  error  is  more  significant,  and  as  the  orbit  number

increases,  the  inverted  parameters  and  the  associated  errors

(decreased with orbit number) approach stability.

Indeed, the sampled data points at an altitude of 500 km are still
significantly  affected  by  the  magnetic  anomalies,  such  as  the
South  Atlantic  Anomaly  (Amit  et  al.,  2021; Yue  YC  et  al.,  2024);
thus,  as  indicated  by  the  errors,  the  inverted  parameters  have  a
modest departure from the ideal dipole model, even though more
orbits are involved.

 3.2  Application to the Martian Crustal Field
Our  inversion  technique  could  help  diagnose  the  interior  source
of  a  local  magnetic  anomaly.  To  demonstrate  the  ability  of  this
technique, we also apply it to study the local source of the Martian
crustal field within selected local regions.

The  state-of-the-art  Martian  crustal  field  model  with  a  spherical
harmonic degree of 110 developed by Gao JW et al. (2021) is used
here  (referred  to  hereafter  as  G110).  In  comparison  with  many
other  models  developed  earlier  (e.g., Cain  et  al.,  2003;
Morschhauser  et  al.,  2014; Langlais  et  al.,  2019),  the  G110  can
better describe the distribution of the crustal field above an altitude
of 120 km.

The pattern of  the Martian crustal  field patches (see left  panel  of
Figure  5)  demonstrates  that  the  interior  magnetic  sources  are
distributed irregularly. Estimating the depths of the magnetization
source  is  a  challenge  (Mittelholz  and  Johnson,  2022),  although

 

Table 1.   The inverted dipole parameters for the sampled dataset of the IGRF-13 field at different altitudes when the time is set at 2020-01-01
00:00:00.

Altitude (km) x0m  (km) y0m  (km) z0m  (km)
M

(1022 Am2) θ0m ° ( ) φ0m ° ( ) αmin ° ( ) °ε ( ) δ δ1 a

0 −274 336 85 8.04 168.1 116.6 7.4 8.1 0.182 0.192

500 −298 345 87 7.94 168.7 114.3 6.5 6.9 0.156 0.164

1500 −327 359 108 7.84 170.1 112.6 5.3 5.3 0.119 0.125

3000 −350 366 159 7.78 171.2 111.5 4.3 4.0 0.089 0.091

5000 −365 369 205 7.74 171.7 110.5 3.5 3.1 0.067 0.066

10,000 −382 372 234 7.71 171.4 108.6 2.2 1.9 0.040 0.038

50,000 −395 376 225 7.71 170.7 107.2 0.6 0.5 0.009 0.009

x0m y0m
z0m θ0m = 170.6°, φ0m = 107.3°

aThe traditional eccentric dipole model is shown for comparison, whose displacement of the dipole center is calculated by using only the first eight
internal Gauss coefficients (see Equations (16)–(18) in Fraser-Smith, 1987) (The derived displacement of the eccentric dipole is (  = −398, = 372,

= 227) km, the dipole moment is M = 7.71·1022 Am2, and the dipole orientation is ( ).). Note that the direction of the dipole
axis of the eccentric dipole is set to be the same as that of the geocentric dipole. Inversion error δ1 is the relative standard deviation of the eccentric
dipole model, which is calculated using Equation (7).

 

Table 2.   The inverted dipole parameters for the sampled datasets of the IGRF-13 field when different orbit numbers are considered.

Longitude stepa (°) x0m  (km) y0m  (km) z0m  (km)
M

(1022 Am2) θ0m  (°) φ0m  (°) αmin  (°) ε (°) δ

180 −257 327 365 7.72 171.2 109.8 3.8 7.7 0.217

90 −431 366 11 7.88 170.1 117.7 3.8 6.9 0.174

45 −298 345 87 7.94 168.7 114.3 6.5 6.9 0.156

30 −304 355 73 7.93 169.6 116.3 6.2 6.7 0.153

10 −303 357 71 7.93 169.6 116.4 6.7 6.6 0.151

5 −301 351 86 7.91 168.4 115.2 6.8 6.8 0.154

2 −301 352 84 7.91 168.4 115.4 6.8 6.8 0.154

aThe angle between neighboring orbit planes. In other words, the orbit number equals 180/step.
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some statistical studies have been conducted based on the fitting
of  a  theoretical  power  spectrum  to  the  magnetic  field  models
(e.g., Voorhies, 2008; Lewis and Simons, 2012; Gong SX and Wiec-
zorek,  2021).  A  single  dipole  model  cannot  describe  the  entire
distribution  of  the  crustal  field.  However,  in  some  local  regions,
the local field might fit the dipole field, and our technique might
work to diagnose the local magnetic source. To avoid interference
from  the  neighboring  patches  of  the  crustal  field,  we  arbitrarily
select two field patches that appear isolated to test our technique.
The  selected  Region  1  covers  the  latitude  of  approximately −30°
to −24°  and  longitude  of  approximately  252°  to  260°  (see  the
white rectangles in the right panels of Figure 5), and the selected

Region  2  covers  the  latitude  of  approximately −37°  to −30°  and

longitude of approximately 292° to 299° (see the white rectangles

in the right panels of Figure 6). The field radial component peaks

in  these  local  regions;  thus,  these  regions  are  presumed  to  be

closer  to  the  pole  of  the  local  anomaly,  and  the  field  should  be

less affected by interference from the neighboring field patches.

 3.2.1  Application to Region 1
In the selected Region 1, which covers a latitude of approximately

−30°  to −24°  and  a  longitude  of  approximately  252°  to  260°,  we

evenly  sample  the  G110  field  30  times  latitudinally  and  30  times
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Figure 5.   The left panel shows the distribution map of the radial component (Br) of the Martian crustal field at an altitude (h) of 200 km in

planetocentric coordinates (the black curves represent the reference of altitude being zero from the Mars Orbiter Laser Altimeter dataset;

Neumann et al., 2001). The right panels, from top to bottom, show the zoomed-in maps of Region 1 at altitudes of 200, 300, 400, and 500 km,

respectively. Mars’ radius is set as 3390 km.
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Figure 6.   The crustal field distribution over Region 2. The format is the same as that of Figure 5.
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×

longitudinally. Thus, we sample 900 data points in total (30 points

in latitude  30 points in longitude) at a fixed altitude.

We apply the same technique to the sampled datasets at altitudes

of 200, 300, 400, and 500 km, respectively. Table 3 summarizes the

optimal dipole parameters and the associated errors derived.

2.8–2.9 × 1016Am2

The error indicators in Table 3 demonstrate that the sampled field

datasets are closer to a dipole field with an increase in altitude. At

altitudes  higher  than  400  km,  the  sampled  field  can  be  approxi-

mated  well  by  a  dipole  whose  depth  is  ~90–100  km  and  the

moment  strength  is  ~ .  In  contrast,  at  altitudes

lower  than  300  km,  the  sampled  field  dataset  gradually  departs

from  the  dipole  field.  Notably,  at  an  altitude  of  200  km,  the

inverted dipole center is unreasonably located above the Martian

surface. The reason may be that many fine patches of the crustal

field  would  appear  at  lower  altitudes,  which  would  make  the

fitting depart substantially from the dipole field at lower altitudes.

 3.2.2  Application to Region 2

×

In the selected Region 2, which covers a latitude of approximately

−37°  to −30°  and  a  longitude  of  approximately  292°  to  299°,  we

similarly evenly sample 900 data points (30 points in latitude  30

points in longitude) at a fixed altitude (Figure 6).  We again apply

the  same  technique  to  the  sampled  datasets  at  altitudes  of  200,

300, 400, and 500 km, respectively. The optimal dipole parameters

and the associated errors derived are summarized in Table 4.

As  indicated  by  the  significant  fitting  errors,  it  is  clear  that  the

crustal fields in Region 2 cannot be approximated well by a dipole

model.  Although the sampled field is  closer  to a  dipole field at  a

higher altitude, as indicated by the modestly reduced errors with

the increase in altitude, the inverted dipole center is nonetheless

unreasonably  located  above  the  planetary  surface.  The  interfer-

ence of the ambient crustal fields might account for the unreason-

able inverted dipole center.

Therefore,  on  the  basis  of  the  applications  above  to  the  two

regions  of  local  field  anomalies,  several  caveats  to  the  dipole

inversion of the local anomaly can be obtained:

(1) The crustal field is closer to the dipole field at a higher altitude.

However,  because  of  the  interference  of  the  ambient  field,  the

dipole  inversion  at  higher  altitudes  may  result  in  unreasonable

inversion parameters.

(2)  The  locations  of  the  sampled  field  dataset  at  lower  altitudes

are  closer  to  the  magnetic  sources.  Nonetheless,  many  fine

patches  of  crustal  field  magnetic  sources  could  appear  at  lower

altitudes,  and  the  interference  of  the  fields  of  these  patches  at

lower  altitudes  could  distort  the  field  structure  from  the  dipole

field.

(3) Because our technique fits the sampled data points best by the

dipole  field,  the  inversion  results  are  strongly  dependent  on  the

area  of  the  sampled  dataset.  The  test  showed  that  the  area  of

sampled regions, although around the peak of the anomaly, could

affect the final inversion results (not shown here). The smaller area

centered by the peak field strength of the local anomaly, although

it  could  decrease  the  interference  of  ambient  patches  of  the

crustal  field,  would result  in a set of unreasonable fitted parame-

ters.  In contrast,  the sampled dataset of a larger area, although it

could  yield  more  reasonable  parameters  in  terms  of  larger  scale

fitting, would inevitably include more interference of the ambient

fields.

Overall,  our  dipole inversion technique can diagnose the interior

source of a local  magnetic anomaly,  but caution is  needed when

applying  it.  To  determine  the  inverted  parameters  consistently

and  reasonably,  one  should  check  the  different  altitudes  and

areas of the sampled dataset.

 4.  Discussion
We  must  keep  in  mind  that  our  technique  relies  on  three  error

 

Table 3.   The inverted dipole parameters for Region 1 at different altitudes.

Altitude (km) x0m  (km) y0m  (km) z0m  (km) H a (km)
M

(1016 Am2) θ0m  (°) φ0m  (°) αmin  (°) ε (°) δ

200 −962 −2886 −1478 −8 2.83 107 356 3.0 10.6 0.386

300 −939 −2834 −1471 62 2.85 107 337 2.0 4.3 0.157

400 −906 −2820 −1456 90 2.88 111 327 1.4 2.0 0.060

500 −879 −2824 −1444 99 2.81 114 322 0.9 1.4 0.038

aH is the depth of the inverted dipole center, which equals the value of the Mars radius (3390 km) minus the radial distance of the dipole center.

 

Table 4.   The inverted dipole parameters for Region 2.

Altitude (km) x0m  (km) y0m  (km) z0m  (km) H a (km)
M

(1016 Am2) θ0m  (°) φ0m  (°) αmin  (°) ε (°) δ

200 1174 −2446 −1991 25 2.87 57 298 4.6 13.7 0.409

300 1164 −2456 −2002 14 2.35 62 297 2.8 9.7 0.283

400 1163 −2475 −2057 −32 2.08 54 296 1.9 9.1 0.262

500 1192 −2483 −2131 −93 1.95 44 288 1.0 9.0 0.270

aThe format is the same as that of Table 3.
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αmin

ε δ
proxies—namely,  for the orientation error of the dipole axis,

 for  the  error  of  the  dipole  center  along  the  axis,  and  for  the
error  of  the  dipole  moment—to  comprehensively  evaluate  the
inversion  quality.  Thus,  in  terms  of  our  optimal  criterion,  relying
only on the least-squares error δ, one criterion is far from enough
to determine the inversion quality. In other words, different sets of
dipole  parameters  would  probably  yield  the  same δ.  Therefore,
the less δ yielded by the other inversion methods or models does
not necessarily imply that the quality of their derived parameters
is better than what we derived from our methods (see Table 1).

We  have  made  a  comparison  with  the  loop  model  developed
previously by Rong ZJ et al. (2021; see Table S1 in Supplementary
Material).  The comparison suggests  that  the inverted parameters
for  both  models  are  nearly  the  same;  thus,  the  reduced  dipole
model  is  sufficient  to  describe the dipolarity  of  the geomagnetic
field.  However,  the  inversion  of  the  seven  parameters  of  a  loop
model  shows  a  minor  improvement  (smaller δ)  in  the  model
fitting  relative  to  the  six  parameters  of  the  dipole  model.  This
minor improvement is to be expected because a model with more
parameters can depict the field more accurately. In future studies,
one could consider other complicated models, such as a cylindrical
current model or a spherical current model.

Apart  from  the  main  dipole  component,  the  real  geomagnetic
field also includes some large-scale geomagnetic anomalies, such
as the Southern Atlantic Anomaly. Thus, to describe the geomag-
netic  field  better,  previous  studies  have  presented  some  models
of  multiple  dipoles  (e.g., Alldredge  and  Hurwitz,  1964; Alldredge
and Stearns, 1969; Mayhew and Estes, 1983); again, a least-squares
procedure with the fitting of multiple parameters was involved in
these studies, and the problem of multiple local solutions cannot
be  avoided.  We  could  further  develop  a  new  multiple-dipole
model of the geomagnetic field based on our dipole technique. If
we were to subtract the inverted dipole model from the IGRF field,
the remnant field could highlight the distribution of geomagnetic
anomalies.  The  performance  of  this  technique  around  each
anomaly  would  derive  the  dipole  source  of  the  corresponding
anomaly.  A  detailed algorithm for  the multiple-dipole  model  will
be presented in a later study. We must emphasize that this tech-
nique  can  not  only  complement  the  traditional  SHA  of  geomag-
netic  fields  but  can  also  be  used  as  an  independent  method  of
diagnosing the planetary dipolar field when SHA fails.

 5.  Conclusions
As  a  continuation  of  the  technique  by Rong  ZJ  et  al.  (2021),  we
developed  an  inversion  technique  based  on  a  dipole  model  to
invert  the  magnetic  source  of  the  dipolar  magnetic  field.  On  the
basis of the sampled dataset of magnetic vectors, this technique is
able  to  separate  and  invert  the  dipole  parameters  successively,
which can effectively avoid the traditional  dilemma of  local  solu-
tions when fitting all the parameters simultaneously. The applica-
tion of this technique to the IGRF model of the geomagnetic field
demonstrates  its  reasonableness  and  applicability.  The  applica-
tions  to  the  Martian  crustal  field  model  demonstrate  that  this
technique can also  be used to  invert  the magnetic  source of  the
local  magnetic  anomaly  but  that  the  validity  of  the  inversion
should be interpreted with caution.
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