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Abstract: How to transform an electromagnetic field across non-inertial frames of reference is a common challenge encountered in
electromagnetic space measurements and analyses. Finding clear and precise ways to evaluate transformation formulas can be difficult.
This study presents results of a thorough theoretical investigation that has yielded universal transformation formulas; these
transformations are successfully applied to two specific scenarios. We find that, for space plasmas, if the relative velocities of structures
are significantly lower than the speed of light, Galilean transformations are suitable. The transformations presented in this paper are
applicable, in low speed situations, to electromagnetic fields, electric potentials and magnetic vector potentials, and to charge density
and current density, measured in various non-inertial reference frames. Truncation errors associated with these simplified
transformations are calculated and shown to be acceptable. These findings have broad implications for space physics measurements and
analyses. We address two key issues related to non-inertial frame transformations: first, how to derive a general formula for the rotational
electric potential of planets with intrinsic magnetic fields; second, how to verify rigorously the calculation of charge density from MMS
(Magnetospheric Multiscale) electrostatic field measurements. We suggest that, due to the validity of the Coulomb gauge, the Poisson
equation can be applied in situations of low-speed motion, allowing MMS measurement data to be used to calculate minimal-error

charge density.
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1. Introduction

To study physical processes in space, it is essential to choose a
specific frame of reference suitable to the question being
addressed. Space—time reference systems are divided into inertial
and non-inertial categories. An inertial reference system is one
that remains stationary or moves uniformly in space and time. For
example, the heliocentric (centered around the sun) reference
frame, used to measure and study the orbital motion of planets
within the solar system, is an inertial frame that is also suitable for
describing the motion of solar wind. Likewise, the geocentric
(celestial Earth-centered) reference system is often used as an
inertial frame when studying the impact of solar wind on Earth'’s
magnetosphere. A satellite or space station in free orbit around
Earth can also serve as a local inertial frame due to its condition of
weightlessness, as explained by the equivalence principle (Misner
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et al., 1973). In these frames, matter's motion follows the laws of
physics in flat spacetime, and observed electromagnetic fields
comply with Lorentz transformations (Misner et al, 1973).
Conversely, frames experiencing non-uniform motion are non-
inertial. For analysing solar wind turbulence, a reference system
moving with the low-pass filtering solar wind velocity is used; this
reference frame is non-inertial due to variations of the solar wind
speed. To study spatial characteristics of the Earth’s geomagnetic
field, the Earth-body reference system is employed, in which the
Earth’s magnetic field appears stationary; but this system is rota-
tional and non-inertial due to Earth’s rotation. Some space explo-
ration satellites, because they are spinning, also operate in non-
inertial reference systems. In a non-inertial frame, an equivalent
gravitational field exists, making spacetime curved and causing
physical phenomena to follow the laws suitable to curved space—
time (Misner et al., 1973).

Non-inertial frames are prevalent in space electromagnetic
measurements, analyses, and applications. Transforming electro-
magnetic fields between non-inertial reference frames is crucial in
space exploration and theoretical analysis. This paper presents a
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systematic and comprehensive analysis to establish the general
transformation relationship among electromagnetic field quanti-
ties in different non-inertial reference frames. In Sections 2 and 3,
we develop electromagnetic field transformations in a hierarchical
manner, starting from the exact Lorentz transformation, proceed-
ing to its low-speed approximation, and finally reducing the
approximation to the Galilean transformation appropriate for
study of macroscopic space plasma motions. Sections 4 and 5
present two applications: determining the rotational electric
potential of planets, and measuring space net charge density. Our
conclusions are summarized in Section 6.

2. General Transformations Among Electromagnetic
Field Quantities in a Low-speed Moving Reference
System

Measurement of electromagnetic field quantities varies with
choice of reference system; how to transform measurements
between different systems is clear. It is important to note that the
velocities and accelerations associated with non-inertial reference
frames in space physics are generally quite small compared to the
speed of light.In a non-inertial frame, if the equivalent gravitational
potential is denoted as ¢ and the relative velocity of frames is
denoted as u, the spacetime metric (line element) is expressed
as

ds* = (1 + 20/ A)CdE + (1 +20/3) (¥ + dy? + dF),

where t represents the time coordinate, (x, y, z) are the Cartesian
spatial coordinates, and c is the speed of light in a vacuum
(Padmanabhan, 2010). The impact of the equivalent gravitational
effect on the non-inertial reference system is about

20/ ~u’ [ <1,

which is negligible for the macroscopic movements observed in
space physics. For example, the Earth’s co-rotating reference
system deviates from flat spacetime by approximately

2<p/c2 =0’/ ~107",

where Q is Earth’s rotational angular velocity and r is the distance
from the reference point to Earth’s center.

Hence, non-inertial reference systems in space physics can gener-
ally be treated as Minkowski flat spacetimes, where the spacetime
interval is

ds’ = —c*dt* + dx’ + dy2 +d7

and the metric tensor is diagonal {-1,1,1,1}. In this context, the
physical laws applicable to Minkowski flat spacetime in inertial
frames remain valid at high accuracy in non-inertial frames. This
approach is also relevant in handling data collected by spin-stabi-
lized satellites, where electromagnetic theory and Maxwell’s equa-
tions for flat spacetime are accurate in the satellites' co-rotating
observational frames. The transformation of physical quantities
between different reference systems (whether inertial or non-iner-
tial) thus closely follows the Lorentz transformation (Misner et al.,
1973), with a negligible error margin 2<p/c2 ~u2/c2.

Consider two reference frames, S and ', with spacetime coordi-

i

nates in (x*) = (xo =ct, x) and (x*) = (x° = ct',x'), respectively. Here
u = (0,1,2,3) denotes coordinate (t x, y, z). The velocity of §' relative
to S is u, which varies with time and location. However, it is crucial
to recognize that the Lorentz transformation, which applies
between inertial frames, is valid only locally in spacetime and is
not suitable for global transformations between non-inertial

frames. The Lorentz transformation can be summarized as follows:

ax*
W Y _ AH gV
dx = o dx’ —/\de, (1)

where the Lorentz transformation matrix is

Y -vB;
u_ X" ’
Vo v ' @
-vBi 6+ vei BiB;
where B, = %:,-/c (vector form B=u/c), the Lorentz factor is
y=(1-67) 2.
The matrix of the inverse Lorentz transformation is
Y VB,
“H aX“ ’
/\y = —_— = 2 , (3)
ox" VB S + y_ﬁﬂ
R RV

where j,j = (1,2, 3) denotes space coordinate (x, y, z), and 8 is the
Kronecker delta which equate 1 for i = jand O for j # j.

All these transformations adhere to the principles of special rela-
tivity (D'Auria and Trigiante, 2011). Physical scalars such as charge
(Q), particle number, distribution function, and phase shift are
relativistic invariants, meaning they are preserved under arbitrary
transformation. However, four-dimensional (4D) vectors p* such
as 4-velocity (yc, yv), 4-vector potential (¢/c, A), 4-current density
(cp.j), and 4-wave vector (v/c k) are frame-dependent and
undergo Lorentz transformation from one frame to another (S to
§') as follows:

p*=Ap". @)

The transformation of the electromagnetic tensor P (F,5 =
OuAg — OpAq) is
FE = AAGF. 5)

Specifically, the local transformation of the spacetime coordinate
is

2
_y

dx' = dx +
(y+1)c?

(u-dx)u - yudt, (6)
dt = y(dt - u-dx/c*). @)

Dividing (6) by (7), the superposition law of velocities is obtained
as follows:

(v-u)u]. @®

Y
—u+y+1 2

Ve—1 [lv
1-v-u/3LlY

The transformation of electric current density and charge density
between different reference frames is expressed as
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p'=vy(p-u-j/d),
V2 9)
jf=j-you+———(u-ju.
j=i-ve (y+1)c2( )]
The transformation of electric potential and magnetic vector
potential is

¢'=v(¢g-u-A),

2 2 (10)
Ao Y .
A=A c2¢u+(y+1)c2(u A)u.

The transformation of the electric field and the magnetic induction
is
; )4 2
E -y(E+u><B— —— (u-E)u/c )
y+1
1 v (11)
' _ __r . 2
B —y(B CzuxE T (u-B)u/c )

The transformation of electric displacement and magnetic field is

. 2_ Y . 2
D-y(D+u><H/c Y+1(u D)u/c), )

oy H - Y w. 2
H-y(H uxD y+1(u H)u/c).

While the transformation of electric polarization intensity and
magnetic polarization intensity between is

r—ylpo L Y w. 2
P—y(P CzuxM y+1(u P)u/c),

o _ L . 2
M —y(M+u><P T (u-M)u/c )
Doppler effect exists in the frequency and wave vector of fluctua-
tions in different reference frames, and its transformation is

V=y(v-u-k,
2
(14)
V—Z (u-k)u.
(y+1)c
To consider the transformation in the reverse direction (S' to ),
we simply invert the velocity u in the formulas provided. For non-

U y
k =k—Eku+

inertial reference frames, the transformation formula is valid for
situations u”/c> < 1, i.e, where the relative speed between
frames is significantly less than the speed of light; Truncation
errors are of the second order of u/c.

To ensure that the second-order error of u/c of the transformation
formula is indeed minimized, a first-order u/c approximation is
employed, neglecting terms of second order and higher. This
simplifies the Lorentz transformation formulas. Consequently, the
Lorentz transformation matrix and its inverse can be approximated

as follows:
()= (_13 ;Bj), (15)
i Oj
(7\5)=(; g’)- (16)
i O

The transformation of space—time coordinates becomes
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dx' = dx — udt,
dt' = dt - lzu - dx,
C

and
dx = dx' + udt,

dt=dt' + lzu -dx'.
c

Note that u can be variable with time and location.
Then, the relationship of the electric field and the magnetic induc-
tion in different reference frames approximates to

E=E+uxB,

B':B—lzuxE. (19)
c

The transformation of electric displacement and magnetic field
becomes

(20)

D'=D+uxH/S,
H =H-uxD.

The approximated relationship of electric polarization intensity
and magnetic polarization intensity is

P'=P—lu><M,
CZ
M =M+uxP.

@n

The approximated relationship of electric potential and magnetic
vector potential is

{¢'=¢—u-A,
(22)

A=A-Lou
C

The approximated relationship of charge density and electric
current density is

a2
{p—p u-j/c, 23)

Jj'=i-pu.

The approximated relationship of frequency and wave vector of
an electromagnetic wave is

{v':v—k-u, 0
' 1
k' =k- zku.
The approximated formula for velocity superposition is
, (v-u)
V=Vv-u+v—. (25)

c2

The speed of light remains constant according to Equation (25) at
this first-order approximation.

In typical space physics applications, the relative velocity between
reference frames associated with macroscopic plasma structures,
space craft motion, or planetary rotation rarely exceeds several
tens to hundreds of kilometers per second. For example, taking a
characteristic velocity u~50-500 km/s, the corresponding dimen-
sionless parameter is u/c~1.7x10*=1.7x107. Under these
conditions, first order corrections proportional to u/c introduce
relative errors of at most 10>, while second corrections propor-

Shen C and Ji Y: Transformations of space electromagnelt_ic Iields in different non-inertial reference frames and their
applications



272 Earth and Planetary Physics  doi: 10.26464/epp2026028

tional to (u/c)? are typically smaller than 107°. For electromagnetic
field transformations, this implies that the Galilean approximation
introduces negligible errors for most macroscopic space plasma
processes when compared with instrumental uncertainties. For
instance, an electric field of magnitude E~1 mV/m would incur a
transformation error on the order of 107> mV/m, which is well
below the noise level of current spaceborne electric field instru-
ments such as MMS/EDP.

Similarly, for charge density estimations derived from Gauss's law,
afirst order u/c error corresponds to a relative uncertainty typically
smaller than 107>, Given that observed charge densities in space
plasmas are already extremely small due to quasi-neutrality, this
transformation-induced error remains below the detection
threshold for most spacecraft constellations, except in regions
with strong gradients or high vorticity. For wave phenomena, the
Doppler frequency shift introduced by Galilean transformation
scales as Aw~k - u, while relativistic corrections scale as (u/c)’w.
For low frequency plasma waves and macroscopic structures, the
latter term is negligible, confirming the validity of the classical
Doppler approximation in most space plasma measurements.

These numerical estimates demonstrate that the first order u/c
approximation provides a favorable balance between theoretical
rigor and practical applicability; second order relativistic correc-
tions are generally insignificant for low-speed space plasma
processes. Consequently, the use of low speed Lorentz or Galilean
transformations in the present study is well justified for the
targeted applications.

3. Transformation for Space Electromagnetic Fields
Macroscopic motion in space is generally non-relativistic; also, the
relative velocity between different frames is much lower than the
speed of light. In common practical applications in space, the
Galilean spacetime transformation simplifies the relationships of
physical quantities between different frames and provides suffi-
cient accuracy for measurement analysis and calculations.

3.1 Galilean Transformation for Spacetime

In non-relativistic situations, the relative speeds of motion
between observed reference frames are generally much less than
the speed of light, i.e,, u < ¢, or B, = u;/c < 1. Under this condi-
tion, the second order term in the time transformation formula
within transformation Equations (17) and (18) is typically very
small and can be neglected. This allows for the assumption that
length and time remain effectively invariant across different refer-
ence frames. Consequently, the transformation of space—time
coordinates adheres to the local Galilean transformation as
follows:

dx' = dx — udt, 26)
dt =dt

and
dx = dx' + udt, 27)
dt=dt,

while the spacetime transform matrix and the corresponding

inverse matrix become

(AY) = (_1[3 ;’!) (28)
A" = (; é’/) (29)

The determinant of the space—time coordinate transformation
matrix and its inverse is approximately equal to 1, with errors up
to the first order of u/c.

In scenarios involving such low-speed macroscopic motions
common in space physics, the space—time coordinate complies
with the local Galilean transformations, as illustrated in Equations
(26) and (27). These approximate, Galilean, transformations are
thus frequently used to examine macroscopic motion in space
physics. According to Equation (26), the formula for velocity
superposition is provided,

vV=v-u (30)

In scenarios of low-speed motion, the measurement values from a
clock and the length measured by a ruler remain constant across
different frames of reference, aligning with Newton’s concept of
absolute space—time.

3.2 Galilean Transformations for Spacetime Gradients
The transformations of spacetime gradients satisfy the following
relationship:

0 0
< L iB-V
o oo _wo [V B) e | [ a0 P
oxH T oxtoxt T Pox o gfl 0 || o ’
ox ox
@31
ie,
g 0
ﬁ—&ﬁ-U'vx, (32)
Uy =V,
Similarly,
1o}
. 2 _p-v,
K SO o (33)
oxt oxtax THoxv | 9 '
8Xli
ie,
g 0
5= Y Ve (34)
U, = V.

Hence, in various reference frames, while the spatial gradient
operator remains constant, the time gradient operator varies.
Notably, the substantial derivative in classical fluid theory, derived
from the Galilean spacetime transformation, is valid only for low-
velocity motion (Song P and Russell, 1999).

In the discussed transformation formulas, the error in the time
derivative formula is of the second order of u/c; the error in the
space gradient formula is of the first order of u/c.
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3.3 Transformations for an Electromagnetic Field in Space
Plasmas

This subsection details the transformations of the electromagnetic

field in space plasmas among low-speed reference frames.

Space plasmas are typically highly conductive and quasi-neutral.
This means that the charge density is extremely low and much
less than the current density, i.e., cp < j. For example, in Earth’s
magnetospheric plasmas, the characteristic values of charge
density and current density, as measured by MMS (Burch et al.,
2016) and Cluster (Escoubet et al., 2001), are about 10 e/m® and
10 nA/m?, respectively (Tong Y et al., 2018; Argall et al., 2019;
Shen Cetal, 2021b; Gao L et al,, 2024a, b), thus cp/j~ 1073. On the
other hand, for slowly varying processes, i.e.,, when E/B <« ¢, the
electric field is much less than the magnetic field. In Earth'’s
magnetosphere, the characteristic values of the electric field and
magnetic field are about 1 mV/m and 100 nT, respectively; thus
E/cB~1072. For such low speed situations, with u <« ¢, the second

term in the right-side hand of equation B'=B—l2u><E in
c

Formula (19) can be neglected. Similarly, the second term in the
right-side hand of equation j' = j — pu in Formula (23) can be omit-
ted. Therefore, for low speed, high conductive space plasmas, the
lower left corner elements in the Lorentz transformation matrix,
and its inverse in Equations (15) and (16), are negligible, and the
transformation matrix and corresponding inverse matrix are

adapted as
1 -8
(A) = ( ’), (35)
0 g
1 B
) = (0 f;) G0
ij

Following Equation (4) with the above Lorentz transformation
matrix (35), the transformations of electromagnetic potentials
between the frames S’ and S are described as

4 ¢ 4
(? )z(‘ ‘51‘)(5):(2—‘3/*1‘ ) 37)
a0 %\ )

i.e.,
{¢'-¢—u A, 8
A=A
or
d=¢ +u-A,
{A =A (39)

Thus, in varying reference frames, the observed value of the
magnetic vector potential remains unchanged, whereas the value
of the electric potential varies. The error in the transformation for
electric potential is at the second order of u/c, while the error for
the magnetic vector potential is at the first order of u/c.

Under the low speed approximation, and based on the electro-
magnetic tensor transformation Formula (5) with the Lorentz
transformation matrix (35), the transformations for the electric
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field and magnetic field are derived as follows:

(E=E+uxB,

40
B -8 (40)

or

E-uxB,

g (41

E
B

This simplification will be accurate to the second order of u/c for
the electric field, and the first order of u/c for the magnetic field.

Transformations for electric polarization intensity and magnetic
polarization intensity are outlined as well:

P=pP- lu><M,
c (42)
M=M,
or
J 1 U
P=P +—uxM,
o (43)
M=M.

Simpified transformations of charge density and electric current

density are
e D)
Po )= A5 = , (44)
J o 1] \] J
ie.,
;o i 2
{f =p-tlic, (45)
J =1
Similarly,
FHE AR
J o | j j
ie.,
o iy 2
{f’“f”" fie; (47)
J=1J.

In various reference frames, electric current values remain consis-
tent, but charge density may vary. The error in the simplified
formulas is limited to the second order of u/c for charge density
and the first order of u/c for electric current density.

3.4 Transformations for Wave Frequency and Wave Vector
According to the low speed Lorentz transformation with the
transformation matrix (35),

cv\ (1 B [v) [ v-B-k
()l P )L e
we can obtain

(49)

V=v-u-k
k' =k

The discussed formula represents the classical Doppler frequency
shift, which assumes negligible variation in the wave vector. This
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formula is relevant not only to electromagnetic waves but also to
general plasma waves. The Doppler frequency shift is a key tool
for measuring the radial velocity of moving objects. In this trans-
formation, the frequency shift error is of the second order of u/c,
and the wave vector transformation error is of the first order of
ufc.

3.5 Transformations for the Spatial and Temporal
Gradients of the Magnetic Field

Based on the transformation relationships derived above, the first-

order gradient of a magnetic field can be obtained as follows:

VB =V,B8. (50)

The first-order temporal derivative of a magnetic field is

OB = (0 —u-Vy)B =B —u-V,B. (51)

When combining (50) and (51), the expression reduces to

0B =0yB' —u-V,B. (52)

The second-order gradient of the magnetic field satisfies

V, V4B = V, VB, (53)

while the temporal derivative of the magnetic field gradient is

VB = (Oy — U+ Vy)VyB = V0B — u-VeVyB. (54)

Therefore, we can obtain

V\B = VyuB — u-V,V,B. (55)

In the reference frame S, which moves together with the electro-
magnetic structures, the magnetic field’s observed value remains

!

B . . .
i 0. This establishes a transformation

relationship between the satellite observation reference frame S
and the electromagnetic structure reference frame §',

constant over time, i.e.,

OB =-u-VB, (56)
0;VB = —-u-VVB,
and
VB=V'B,
P (57)
VVB =V VB.

Therefore, the gradient of magnetic field is the same in different
reference frames. Utilizing multi-point magnetic measurements
from multi-satellite constellations such as Cluster (Escoubet et al.,
2001) or MMS (Burch et al.,, 2016), one can derive the magnetic
field's temporal variation rate and first-order spatial gradient
(Harvey, 1998; Chanteur, 1998). Subsequently, Equation (56) facili-
tates calculation of velocities of electromagnetic structures relative
to the constellations (Shi QQ et al.,, 2006; Shen C et al., 2021a),
along with the nine components of the second-order magnetic
gradient (Shen C et al,, 2021a). Additionally, Equation (56) can
determine the three components of the first-order magnetic
gradient along the motion direction, assuming that the electro-
magnetic structure’s velocity is already known (Shen C et al,
2012). It is important to note that Equations (56) and (57) apply
both to inertial and to non-inertial reference frames, thus remain-

ing valid even for electromagnetic structures undergoing
unsteady, accelerated, or expansive motion.

For low-speed physical processes in space plasmas, the Coulomb
gauge constrains the magnetic vector potential in reference
frame S

V-A=0. (58)

In another arbitrary reference frame S’, combining Equations (32)
and (38) reduces to

vV.A=0. (59)

This yields a result consistent with the Coulomb gauge. This indi-
cates that the Coulomb gauge remains valid in any low-speed
reference frame, suggesting that an electromagnetic structure’s
charge density and electric scalar potential will follow the Poisson
equation.

It is crucial to recognize that the transformations of spacetime,
spacetime gradient, and electromagnetic field are valid locally
between both non-inertial and inertial reference frames. These
transformation formulas are highly practical whenever first-order
errors of u/c are negligible. It can be shown that the equations of
magnetohydrodynamics applicable for low velocity motions are
compatible with Galilean transformations in non-inertial frames of
references.

However, for high-speed motions, the previously discussed
approximations are not suitable. For instance, the phase velocity
of plasma waves can often reach or exceed the speed of light.
Consequently, this velocity cannot be accurately determined
using the methods previously mentioned (Shi QQ et al., 2006). In
the case of high-energy particles within the radiation belts, their
bounce motion along a geomagnetic field line can approach the
speed of light (Ni B et al,, 2018; Li YX et al., 2023). In such scenar-
ios, the relative velocities of reference systems are also near the
speed of light, necessitating the use of Equations (9)—(12) from
Section 2 for the transformation of electromagnetic fields from
one reference frame to another.

It is worth noting that the low speed transformation relations
derived above provide a natural theoretical foundation for apply-
ing the seven-spacecraft (seven-point) analysis method proposed
for the plasma observation mission (Shen C et al., 2025). In partic-
ular, the invariance of the magnetic field gradient under reference
frame transformations, and the coupling between temporal
derivatives and spatial gradients, enable inference—directly from
time series measurements—of the apparent velocity of electro-
magnetic structures and the longitudinal components of the
quadratic magnetic gradient. When combined with the non-
planar dual-tetrahedral configuration of the seven spacecraft,
these transformation constraints supply the additional degrees of
freedom required to reconstruct both first and second order
spatial gradients of the magnetic field using a least squares
approach. As a result, the framework developed here is well suited
for studying three dimensional, nonlinear plasma structures with
the planned seven point constellation, extending traditional multi-
spacecraft gradient techniques beyond the linear approximation.
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4, Corotational Potential of Planets with Intrinsic
Magnetic Fields

This section demonstrates the practical application of Galilean

transformations to the electromagnetic field as discussed.

Several planets, including Earth, Jupiter, Saturn, Uranus, and
Neptune, possess intrinsic magnetic fields that are primarily dipo-
lar. These dipole magnetic fields rotate with the planet, inducing a
corotation electric field. This electric field plays a crucial role in the
dynamics of the planet’s plasmasphere (Lemaire et al,, 1998; Ti S
et al,, 2021) and the evolution of ring current energetic particles
during magnetic storms (Fok et al., 2001; Shen C and Liu ZX, 2002).
Understanding the spatial distribution of a planet’s corotation
electric field and its potential is vital for studying the dynamics of
the planet’s plasmasphere and ring current during geomagnetic
storms. Parks (1991) developed a method to calculate the corota-
tion potential, assuming that a planet’s magnetic core and its
centroid coincide. However, it has been observed that the
magnetic cores of planets often deviate from their centroids.
Here, we present a general expression for the corotation potential
of planets with intrinsic magnetic fields and rotation.

In a reference system centered at the magnetic core, the dipole
magnetic field of a planet is given by

C3r(F M) =M

g MW -
’

where M is the dipole moment, and r' is the position vector starting

from the magnetic core O. The corresponding magnetic vector

potential is described as follows:

Mxr

i3

A= . 61)

r
Two reference frames are considered: (1) the corotating reference
frame of the planet, in which the intrinsic magnetic field is station-
ary, and (2) the planetary centroid reference frame, which is non-
rotating and in which the planet rotates with angular velocity Q.
Let C denote the planetary centroid, which is connected with the
magnetic core O by the vector Ry. Therefore, for an arbitrary
observation point, its position vector R relative to C equates
R, +r, as illustrated in Figure 1. Given the slow rotation of our
solar system’s planets, the relative velocities (u = 2 x R) are signifi-
cantly less than the speed of light, allowing the use of Galilean
transformations as described above. (Under Galilean transforma-
tion, the position vectors remain unchanged in different reference
frames.) In the reference frame of the planet’s centroid, it follows
from Equations (39) and (40) that A=A" and B=8, ie, the
magnetic field strength and magnetic vector potential, remain
consistent with those in the corotation reference frame. According
to Equation (41), the corotation electric field observed in the plan-
etary centroid reference frame is

Eor=-uUxB =—(2xR)xB. (62)

According to Equation (39), the corotation potential observed in
the planetary centroid reference frame is defined as

¢cor:u'A,:(QXR)'Al:%(QXR)'(MX[‘I)
r

= (M- 2)R-r)- (M- RY2-F)]
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Figure 1. Schematic diagram of a planet’s dipole magnetic field
rotating along with the planet. The centroid of the planet is marked as
C, and the planet has rotation angular velocity 2; R is the vector from
the centroid of planet C. The planet has a dipole moment M with its
magnetic core located at point O. R, is the vector from centroid C to
magnetic core O.

If the magnetic core coincides with the planetary centroid (R, = 0)
and the magnetic moment is aligned with the rotation axis
(2//M), then the expression simplifies to
OMsin’6' _ QM
r T la’

¢CO|’ = (64)

where a is the radius of the planet and L denotes the magnetic
shell index (a parameter that labels a geomagnetic field line by its
equatorial distance from Earth’s center, measured in Earth radii).
Equation (64) demonstrates that the magnetic field lines are
equipotential lines. Furthermore, on the drift surface with a
consistent magnetic shell index L, the corotation potential
remains constant.

It follows from Equation (47) that if the charge density and current
density are zero in the corotation reference frame, they will also
be zero when measured in the geocentric stationary reference
frame. However, the derived corotation electric field and potential
exhibit a first-order error in u/c. Consequently, the divergence of
the corotation electric field, as described by Equation (62), is not
strictly zero because

V-Eo=V-(uxB)=B-(Vxu)-u-(VxB)=8w, (65)

where V x B' = V' x B' = yyj' = 0 is used and zero current density is
assumed except in the magnetic core. Considering the vorticity
w=VXxu=Vx(2xR) =29, Equation (65) becomes

V-Eo =2B-Q. (66)

For Earth, the charge density error approaches the measurement
threshold of MMS (Shen C et al., 2021b), indicating that Gauss’s
law might not be strictly applicable. This discrepancy arises
because the corotation electric field, under the Galilean transfor-
mation, carries a first-order error proportional to u/c~QR/c. There-
fore, calculations involving charge density should consider use of
more accurate transformations than the Galilean transformations,
such as the Lorentz transformation detailed in Equations (18) to
(24).

The planetary magnetic field comprises not only the dipole
magnetic field, but also higher magnetic pole moment compo-
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nents, such as the magnetic dipole moment M,, quadrupole
moment M,, octupole moment M;, etc. When the magnetic
vector potentials for each class of magnetic moments (A;,A,,...)
are provided, the planet’s total magnetic vector potential can be
determined,

A=A +A; +A;+ - (67)

Higher order magnetic moments decay more rapidly with
distance than does the dipole term and are therefore important
primarily in near-planet regions with strong magnetic gradients.
For Earth, the dipole component dominates beyond a few plane-
tary radii, while quadrupole and higher order terms may introduce
localized corrections in the inner magnetosphere. The Formulation
(67) naturally accommodates these higher order contributions
through linear superposition of the magnetic vector potential.

In interplanetary space, where external fields are not considered,
the magnetic field satisfies a specific condition V x B = 0, leading
to a conclusion about magnetic scalar potential B= — VU. Due to
V-B=0, the magnetic scalar potential satisfies v2U = 0. This
allows for the internal magnetic field of planets to be represented
through a series of spherical harmonics (Jordan, 1994):
n+1
[

U= ai i (g) gn cos (me) + hy'sin (m)] Py (cos6),  (68)

m=0

n=

where a is the planetary radius, 6 is the geographical latitude, ¢ is
the geographic longitude, P} (cos8) is the associated Legendre
polynomial with n-order and m-degree, and g/ and h; are Gauss
coefficients.

For the case n = 1, the magnetic scalar potential is

3
U, = a_z [g?cose + (g] CosQ + h]sin(p) sin@]. (69)
r

The magnetic scalar potential for the dipole moment is

_ Mcosé'

7
2 (70)

U, =
The planetary dipole moment M; = a*\/(¢%) + (g!)* + (h!)?, along
with the quadrupole and octupole moments provided by Antipov
and Tikhonov (2013), are crucial for understanding Earth's
magnetic field, though the significance of higher-order moments
remains to be resolved.

Additionally, the concept of corotation potential is introduced in
the context of the planetary centroid reference frame.

¢cor=u‘A=(QXR)'(A1+A2+A3+"‘)- (71)

5. Charge Density Measurements by Spacecraft
Constellations

Multiple-spacecraft constellations are crucial for exploring the
three-dimensional characteristics of electromagnetic structures in
space, such as flux ropes, the magnetopause boundary layer, and
current sheets (Escoubet et al., 2001; Burch et al., 2016; Torbert et
al., 2016). These constellations can measure the spatial gradient of
the electrostatic field (Chanteur, 1998), allowing for use of the
Gaussian law to determine the charge density in static electro-

magnetic structures (Tong Y et al., 2018; Argall et al., 2019; Shen C
et al., 2021b). However, these electromagnetic structures are often
dynamic, and move relative to the spacecraft constellation. It
remains an unsolved problem whether the charge density in
moving electromagnetic structures, with their time-varying fields,
can be determined accurately from electrostatic field measure-
ments made from spacecraft in a constellation. Additionally, rela-
tive motions between the satellites can affect electric field
measurements and potentially lead to inaccuracies in charge
density calculations.

Building on theoretical findings discussed in the previous section,
this section rigorously evaluates the feasibility of, and potential
errors in, calculations of charge density based on such electrostatic
field measurements made by spacecraft constellations. Our analy-
sis involves transformations among four different reference
frames: the spacecraft rotational reference frames, the spacecraft
centroid reference frames, the constellation centroid reference
frame, and the reference frame moving with the electromagnetic
structure. The spacecraft rotational frames are non-inertial. The
spacecraft centroid frames, being in free fall within Earth’s gravity,
can be considered as local inertial frames. The constellation
centroid frame may be rotational due to relative spacecraft
motions, and the frame moving with the electromagnetic structure
may also be non-inertial if the structure is accelerating or deceler-
ating. Due to the relatively low speeds of macro motions in space,
the Galilean transformations discussed in Section 4 are deemed
sufficiently accurate.

In space explorations, electric field measurements typically utilize
the two-probe method, as depicted in Figure 2. This method
involves recording the potential difference between two probes
to determine the electric field component aligned with the
probes. By evaluating the potentials detected at three non-parallel
probe pairs, the vector components of the electric field can be

MMS1 E, = —V§(r,)
K

~

1
1
1
[l
]
1
1
1
!

1

1
[
[}

MMS3 E, = —Vg(r,)

Figure 2. Schematic diagram of the space electric field
measurements by MMS (Magnetospheric Multiscale; Burch et al.,
2016). The centroid of the four spacecrafts of MMS is at point C. Thus,
in the constellation centroid reference frame with C as its origin, the
position vectors of the four satellites are r, (a = 1, 2, 3, 4), while

4
r.= 411 Z r, = 0. Provided by the 6-probe potential measurements of

a=1 —_ ~
each spacecraft, the electrostatic fields E(r,) = —V,¢(r,), (a = 1,2,3,4) at
the 4 satellites are readily yielded (Harvey, 1998; Shen C et al., 2003).
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ascertained. However, to measure the weak electric field (~mV/m)
in space, it is common practice to extend the distance between
the potential-probes by exploiting the centrifugal force generated
by the satellite’s rotation. These measurements are taken within
the spacecraft’s rotational reference frame K, where time and
space coordinates are denoted as (t ), electric potential field as
#(t ), magnetic vector potential by A(tF), and other physical
quantities are indicated by "~". The electric field observed in this
frame K is thus defined,

. - 9=
E=-Vi¢p - =A 72
P 5 (72)

The electric field at the spacecraft centroid O measured in the
frame K is

Eo = —(V;q})o - %Am (73)

The spacecraft’s centroid reference frames K, are non-rotational
and move along with the spacecraft’s centroids, where time and
space coordinates are represented as (t,, r;), and a subscript ‘s’ is
added to each physical quantity to denote this frame. The relative
velocity between the satellite rotation reference frame K and the
spacecraft centroid reference frames K, at the spacecraft centroids
is w=Qx(r, — ry) = 0. Therefore, all physical quantities measured
at the satellite’s centroid in these two different reference frames

. . o 0 . .

are identical and o 5 as previously explained. In the space-
S

craft centroid reference frames K;, the electric field at the centroid

is denoted as E; = Ey = —(V;4), — %AO,

0

-9 _
E = —(V5¢) - 5As =E - E

A, (74)
where the electrostatic field is labeled as E, = —V,¢. It is important
to note that, currently, only this DC electrostatic field can be
detected through practical space measurements.

In addition to bulk movements of a spacecraft constellation, its
measurements can be influenced also by any relative motions
among its members. In the constellation centroid reference frame
K, time and space coordinates are expressed as (t r), and the
velocity of each spacecraft relative to the centroid Cis v. The elec-
tric field observed at each spacecraft centroid in frame K is
denoted as

E=Es—va=Es—3As—va=E—3AS, (75)

ot ot

where the electrostatic field observed in the constellation
centroid frame Kiis

E=E -vxB. (76)

Then the charge density measured in K can be calculated from
Gauss's law as

go*1p=v-E=V~E—v-(iAs), (77)
Ot
where
0 7] 0
V. (_atsAS) = V- (atSAs) - 6ts Vs 'As- (78)
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Here, the relationship V =V, has been applied. As derived in
Section 3.5, the Coulomb gauge is effective in every reference
frame for low-speed electromagnetic structures in space, leading
to V-A=V,-A,=0. Consequently, Equation (78) simplifies to

0
B,
(77) becomes null. Therefore, calculation of the charge density
observed in the constellation centroid frame K can be described
as

V- A;) = 0, and the second term on the right side of Equation

p= Eo(v . E)C' (79)

This indicates that the charge density at the constellation’s
centroid can be calculated directly from the electrostatic field
measurements at each spacecraft in low-speed situations, without
requiring measurement of the magnetic vector potential; use of
Galilean transformations introduces only a negligible first-order
error of u/c to Formula (79).

Previous studies have overlooked the impact on electric field
measurements of the relative motions of spacecraft (Tong Y et al.,
2018; Argall et al,, 2019; Shen C et al., 2021b). Equation (76) reveals
that correction for the electrostatic field —v x B is appropriate, and
thus we add it to Equation (79) to correct the calculation of charge
density to account for the relative motion of the spacecraft:

oV (-vXB)=—-goB- (VX V)+eov:-VXxB=¢yB-w. (80)

Here, the vorticity of the constellation is w = V x v; at the constel-
lation’s centroid v =0, the vorticity of the constellation w is
usually small, suggesting that the relative motion of satellites
within the constellation negligibly affects the charge density.
However, as the constellation approaches Earth, both the
magnetic field and the vorticity increase, leading to a greater devi-
ation in charge density ;B - w. As reported in our previous study
of inner magnetospheric charge distribution (Gao L et al., 2024a),
the uncorrected charge density exhibits an anomalous increase as
MMS approaches Earth and the magnetic field strength grows
substantially. Therefore, these data require correction by ¢,B - w.

An electromagnetic structure moving relative to the constellation
at speed v has its proper reference frame denoted as 'K'. The rela-
tive velocities of electromagnetic structures in space are typically
much smaller than the speed of light in a vacuum, making
Galilean transformations approximately valid. By applying trans-
formation relationship (45), the intrinsic charge density in the
proper reference frame moving with the electromagnetic structure
can be determined from the charge density and current density
measured in the reference frame of the constellation’s centroid:

. 1, . o 1.,
o =p—c—2V~j=50(V-E)C—?V-/. (81)

The current density of the electromagnetic structure in the
constellation reference system can be measured by particle detec-
tors (j=3 g;n;v;) (Paschmann et al., 1998) or derived from Ampere’s
Law using multi-point magnetic field measurements of the
constellations (Dunlop et al., 1988). The second term on the right-
hand side of the formula is usually insignificant and can be disre-
garded, which means there were no significant issues in previous
calculations of charge density (Tong Y et al,, 2018; Argall et al.,
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2019; Shen Cetal., 2021b; Gao L et al., 2024a).

As demonstrated, the method of calculating the charge density at
the constellation’s centroid using electrostatic field measurements
from each spacecraft is rigorously validated, with the error being
at the first order of u/c.

6. Conclusions

When addressing space physics challenges, it often becomes
necessary to convert electromagnetic field quantities across
different reference frames. This topic has been explored in various
dissertations by researchers in the field of space physics (Parks,
1991; Song P and Russell, 1999). This paper, however, focuses on a
systematic investigation of the transformation of electromagnetic
fields between different reference frames in space, presenting
basic results that have broad applicability.

In space’s non-inertial reference frames, the equivalent gravity is
relatively weak, causing only minor distortions in spacetime
(~107"%). This allows the physical laws of flat spacetime to remain
accurate with high precision. The Lorentz transformation is suitable
for electromagnetic field transformations between any reference
frames, whether inertial or non-inertial. For non-inertial frames, it
is critical that the simplified equations presented here by used
only when the relative velocity between frames is significantly
lower than the speed of light, thus limiting truncation errors to
the second order of u/c. For typical motions that satisfy this defini-
tion of “low speed”, Formulas (13)—(21), which use first-order
approximations, are recommended.

The concept of absolute space and time proves useful in studying
macroscopic dynamics in space, particularly under conditions of
low-speed motion where the relative speed is much less than the
speed of light. In this absolute framework, the length of a ruler
and the clock timing remain constant across different reference
frames. This paper has provided a detailed discussion of Galilean
transformations of electromagnetic field quantities between refer-
ence frames and has examined their application limits. We have
presented illustrative examples in which we apply the approximate
transformations. Equations (56) and (57) introduce a concise rela-
tionship between the temporal variation rate of the magnetic
field, the magnetic gradient, and the apparent velocity of the elec-
tromagnetic structure speeds low compared to the speed of light.
These equations are useful for estimating the apparent velocity of
electromagnetic structures (Shi QQ et al., 2006; Shen C et al.,
2021a) and the components of first or second order magnetic
gradients (Shen C et al.,, 2012, 2021a) in analyses of data from
multiple spacecraft.

This study has also derived a general formula for the planetary
corotation electric field using the Galilean transformation formulas
for electromagnetic fields, applicable under general conditions
where the magnetic core is offset from the axis of planetary rota-
tion.

Lastly, this investigation confirms the feasibility of calculating the
charge density of electromagnetic structures using electrostatic
field measurements from spacecraft constellations. We have
shown that the Poisson equation remains valid under first-order

u/c approximations, which means that electrostatic field observa-
tions by the MMS constellation can be used to deduce charge
density in any low-speed moving electromagnetic structures with
reasonable accuracy.
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